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Abstract

This paper presents a generalized pre-averaging approach for estimating the inte-
grated volatility. This approach also provides consistent estimators of other powers of
volatility — in particular, it gives feasible ways to consistently estimate the asymptotic
variance of the estimator of the integrated volatility. We show that our approach,
which possesses an intuitive transparency, can generate rate optimal estimators (with
convergence rate n~/4).
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1 Introduction

The recent years have seen a revolution in the statistics of high frequency data. On the
one hand, such data is increasingly available and needs to be analyzed. This is particularly
the case for market prices of stocks, currencies, and other financial instruments. On the
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other hand, the technology for the analysis of such data has grown rapidly. The emblematic
problem is the question of how to estimate daily volatility for financial prices (in stochastic
process terms, the quadratic variation of log prices).

The early theory was developed in the context of stochastic calculus, before the finan-
cial application was apparent. The sum of squared increments of the process was shown
to be consistent for the quadratic variation in Meyer (1967). A limit theory was then
developed in Jacod (1994) and Jacod and Protter (1998), and later in Jacod (2008).

Meanwhile, these concepts were introduced to econometrics in Foster and Nelson (1996)
and Andersen and Bollerslev (1997, 1998). A limit theory was developed in Barndorff-
Nielsen and Shephard (2002), and Zhang (2001). Further early econometric literature
includes, in particular, Andersen et al. (2000, 2001, 2003), Barndorff-Nielsen and Shephard
(2004), Chernov and Ghysels (2000), Dacorogna et al. (2001), Engle (2000), and Gallant
et al. (1999). The setting of confidence intervals using bootstrapping has been considered
by Goncalves and Meddahi (2005) and Kalnina and Linton (2007).

The direct application to data of results from stochastic calculus have, however, run
into the problem of microstructure. No-arbitrage based characterizations of securities
prices (as in Delbaen and Schachermayer (1994)) suggest that these must normally be
semimartingales. Econometric evidence, however, suggests that there is additional noise
in the prices. This goes back to Roll (1984) and Hasbrouck (1993). In the nonparametric
setting, the deviation from semimartigales is most clearly seen through the signature plots
of Andersen et al. (2000), see also the discussion in Mykland and Zhang (2005).

Statistical and econometric research has for this reason gravitated towards the concept
that the price (and log price) semimartingale is latent rather than observed. Research
goes back to the work on rounding by Jacod (1996) and Delattre and Jacod (1997).
Additive noise is studied in Gloter and Jacod (2001), and a consistent estimator in the
nonparametric setting is found in Zhang et al. (2005). Issues of bias-variance tradeoff
are discussed in Bandi and Russell (2006b). In the nonparametric case, rate optimal
estimators are found in Zhang (2006), Podolskij and Vetter (2006) and Barndorff-Nielsen
et al. (2006). A development for low frequency data is given in Ait-Sahalia et al. (2005a).

There are currently three main approaches to estimation in the nonparametric case:
linear combination of realized volatilities obtained by subsampling (Zhang et al. (2005),
Zhang (2006)), and linear combination of autocovariances (Barndorff-Nielsen et al. (2006)).
The purpose of this paper is to give more insight to the third approach of pre-averaging,
which was introduced in Podolskij and Vetter (2006) for i.i.d. noise and for non overlapping
intervals. The idea is as follows. We suppose that the (say) log securities price X; is a
continuous semimartingale (of the form (2.1) below). The observations are recorded prices
at transaction times ¢; = iA,, and what is observed is not X;,, but rather Z;,, given by

Zti = th. + €t; - (11)

The noise ¢, can be independent of the X process, or have a more complex structure,
involving for example some rounding. The idea is now that if one averages K of these
Zy,’s, one is closer to the latent process. Define Z;; as the average of Zy, ., j =0,..., K —1.

The variance of the noise in Z; is now reduced by a factor of about 1 /K. If one calculates



the realized volatility on the basis of ZO,ZI, th2, ..., the estimate is therefore closer to
being based on the true underlying semimartingale. The scheme is particularly appealing
since it is obviously robust to a wide variety of structures of the noise €.

The paper provides a way of implementing this idea. There are several issues that
have to be tackled in the process. First of all, the pre-averaging brings in a particular
dependent structure which necessitate an adjustive constant in front of the sum of squared
increments of the averages. Second, while the local averaging does reduce the impact of
the noise ¢, it does not completely eliminate the bias. The pre-averaged realized volatility
therefore has to be adjusted by an additive term to eliminate the remaining error. Third,
one would not wish to only average over differences from non-overlapping intervals, but
rather use a moving window. Fourth, the estimator can be generalized by the use of a
general weight function. Our final estimator is thus on the form (3.6), where we note that
the special case of simple averaging is given in the example following Theorem 3.1. Note
that in the notation of that example, k,, = 2K. Finally, the method used here is amenable
to much more general noise models than the most usual i.i.d. noise, independent of the
process X: see Section 2.

Like the subsampling and the autocovariance methods, the pre-averaging approach,
when well implemented, gives rise to rate optimal estimators (the convergence rate being
Op(n_l/ 4)). This result, along with a central limit theorem for the estimator, is given as
our main result Theorem 3.1.

What is the use of a third approach to the estimation problem, when there already
are two that provide good convergence? There are at least three advantages of the pre-
averaging procedure:

(7) Transparency. It is natural to think of the latent process X; as the average of obser-
vations in a small interval. Without this assumption, identifiability problems may arise,
as documented in Li and Mykland (2007). Our procedure implements estimation directly
based on this assumption. Also, as noted after the definition (3.6), the entire randomness
in the estimator is, to first order, concentrated in a single sum of squares.

(17) Estimation of other powers of volatility. The pre-averaging approach also provides
straightforward consistent estimators of quarticity, thereby moving all the existing esti-
mators closer to the feasible setting of confidence intervals. See Podolskij and Vetter
(2006) for results in the case of independent noise.

(7i7) Edge effects. The three classes of estimators are similar also in that they are based
on a weight or kernel function. To some approximation, one can rewrite all subsampling
estimators as autocovariance estimators, and vice versa. The estimators in this paper can
be rewritten, again to first order, as a class of subsampling or autocovariance estimators, cf.
Remark 1. The difference between the three classes of estimators (and what is concealed
by the term “to first order”) lies in the treatment of edge effects. The potential impact
of such effects can be considerable, cf. Bandi and Russell (2006a). In some cases, the
edge effects can even affect asymptotic properties. Because of the intuitive nature of our
estimator, edge effects are less likely to be a problem, and they certainly do not interfere
with the asymptotic results.



The plan of the paper is as follows. The mathematical model is defined in Section 2,
and results are stated in Section 3. Section 4 provides a simulation study. The proofs are
in Section 5.

2 The setting

We have a 1-dimensional underlying continuous process X = (X;);>0, and observation
times 1A, for alli =0,1,--- ,k,---. We are in the context of high frequency data, that is
we are interested in the situation where the time lag A, is “small”, meaning that we look
at asymptotic properties as A, — 0. The process X is observed with an error: that is,
at stage n and instead of the values X' = X;a, for ¢ > 0, we observe real variables Z",
which are somehow related to the X, in a way which is explained below.

Our aim is to estimate the integrated volatility of the process X, over a fixed time
interval [0,t], on the basis of the observations Z' for ¢ = 0,1,---,[t/A,]. For this, we
need some assumptions on X and on the “noise”, and to begin with we need X to be a
continuous Itd6 semimartingale, so that the volatility is well defined. Being a continuous
1t6 semimartingale means that the process X is defined on some filtered probability space

QO FO) ( t(o))tzo, P(©) and takes the form

¢ ¢
Xy =Xo+ / bsds + / osdWs, (2.1)
0 0

where W = (W,) is a standard Wiener process and b = (b;) and 0 = (o) are adapted
processes, such that the above integrals make sense. In fact, we will need some, relatively
weak, assumptions on these processes, which are gathered in the following assumption:

Assumption (H): We have (2.1) with two process b and o which are adapted and cadlag
(= “right-continuous with left limits” in time). O

In this paper, we are interested in the estimation of the integrated volatility, that is
the process

t
Cy = /Ugds. (2.2)
0

Next we turn to the description of the “noise”. Loosely speaking, we assume that,
conditionally on the whole process X, and for any given n, the observed values Z' are
independent, each one having a (conditional) law which possibly depends on the time and
on the outcome w, in an "adapted” way, and with conditional expectations X'

Mathematically speaking, this can be realized as follows: for any ¢ > 0 we have a
transition probability Q;(w®),dz) from (Q(O),.ﬂ(o)) into R, which satisfies

/th(w(O),dz) = X;(w©®). (2.3)

We endow the space Q) = R[0:°) with the product Borel o-field F®) and with the
probability Q(w®, dw®) which is the product ®;>¢ Q¢(w®,.). We also call (Z;)¢>o the



?canonical process” on (21, FM) and the filtration .ﬂ(l) = 0(Zs : s <t). Then we
consider the filtered probability space (2, F, (F¢)e>0,P) defined as follows:

0= 00xb,  F = FOrO £ = Ao, 7O gD } 2.4)
2.

P(dw(o),dw(l)) — p0) (dw(o)) @(w(o), dw(l)),

Any variable or process which is defined on either Q® or Q) can be considered in the
usual way as a variable or a process on 2. By standard properties of extensions of spaces,
W is a Wiener process on (2, F, (F¢)i>0,P), and Equation (2.1) holds on this extended
space as well.

In fact, here again we need a little bit more than what precedes:

Assumption (K): We have (2.3) and further the process

o (w®) = / 2 Quw®,dz) - X, (w)? = B((2)? | FO)(w®) - X, (0@)? (2.5
is cadlag (necessarily (]:t(o))—adapted), and

t — /z8 Qi(w, dz) is a locally bounded process. (2.6)

Taking the 8th moment in (2.6) is certainly not optimal, but this condition is in fact
quite mild (we need in any case the second moment to be locally bounded). The really
strong requirement above is the condition (2.3) on the noise. This assumption, together
with the product structure of the measure Q, summarize three properties at once:

(1) If Y; = [ 2Q¢(dz) denotes the conditional expectation of the observed value Z; at
time ¢, conditionally on F(© (the o-field generated by the latent process and all
possible covariates), then Y is a semimartingale.

(2) Moreover, we have Y; = X; (unbiasedness).

(3) Finally, knowing F(©), the errors are independent at different times.

If (1) holds and (2) fails, our procedure provides an estimator for the integrated volatility
of Y} instead of X; and, as explained in Li and Mykland (2007), it is probably impossible
to make inference on the process X itself, unless, of course, further specification of the
model is assumed. If (1) fails, our procedure just breaks down, and we doubt that there
might exist in general a method for retrieving the volatility of X (see Example 3 below).
As for (3), without any doubt it could be substantially weakened, to allow for some (weak
enough) dependency (cf. the discussion in Ait-Sahalia et al. (2005b), but the independence
assumption simplifies things quite a lot !

Example 1) If Z' = X + €}, where the sequence (¢}');>o is i.i.d. centered with finite

8th moment and independent of X, then (K) is obviously satisfied. O



Example 2) Let Z' = ~v| (X" + €}')/~] for some v > 0 and (¢}') as in the previous
example. This amounts to having an additive i.i.d. noise and then taking the rounded-off
value with lag 7, for example v = 1 cent. Then as soon as the € are uniform over |0,~], or
more generally uniform over [—2iv, (2i 4+ 1)7] for some integer ¢, (K) is satisfied. Another
example of model involving rounding with (K) satisfied is given in model 2 of section 4.
If the €} have a C? density, with further a finite 8th moment and a support containing
an interval of length ~, then (K) is not satisfied in general but the process Y introduced
above is of the form Y = f(X) for a C? function f, and so everything goes through if we
replace X by Y below. O

Example 3) Let Z" = v[X["/~] for some v > 0 (“pure rounding”). Then the errors
Z — X' are independent, conditionally on X, but (K) is not satisfied, and the process
Y is not a semimartingale, and is not even cadlag: so nothing of what follows applies. In
fact in this case, if we observe the whole process Z; = v| X¢/v| over some interval [0, 7],
we can derive the local times LY for ¢ € [0,7] of the process X at each level x = i~y for
i € Z, but nothing else, and in particular we cannot infer the values of the process C;.

3 The results

We need first some notation. We choose a sequence k,, of integers and a number 6 € (0, 00)

satisfying
kn/A, = 0+ o(ALY (3.1)
(for example ky, = [0/+/A,]). We also choose a function g on [0, 1], which satisfies

g is continuous, piecewise C' with a piecewise Lipschitz derivative ¢/, (3.2)
g(0)=g(1)=0, [ g(s)’ds > o. :
We associate with g the following numbers and functions on R :
= g(Z/kn)v h? = gzn-l-l - gznv (33)
sel0,1) = uls) = [ g (g (u—s)du, a(s) = [ g(wg(u—s)du
s>1 — ¢1(s) = 0, ¢a(s) =0 (3.4)

j=12 = Oy = [ oi(s)pi(s)ds, i = ¢(0).

Next, with any process V = (V;);>0 we associate the following random variables

(2

Eyald kn— nAnN kn— ny/n
Vi = ZJ 119 Aer]V = _Z lh V1+]

7

V4 o= Via,, APV = VR VR
(3.5)
(the two versions of V' are identical because g(0) = g(1) = 0).

Recall that in our setting, we do not observe the process X, but the process Z only,
and at times ¢A,,. So our estimator should be based on the values Z;* only, and we propose



to take

[t/An]—kn+1 [t/An]
~ VA, =1\ 9 1Ay, 2
o= SNooo(@h)- N (arz)n. .
= 40, 2 (2" = 2424, 1:1( iZ) (3.6)

The last term above is here to remove the bias due to the noise, but apart from that it
plays no role in the central limit theorem given below.

As we will see, these estimators are asymptotically consistent and mixed normal, and
in order to use this asymptotic result we need an estimator for the asymptotic conditional
variance. Among many possible choices, here is an estimator:

AP [t/An]—kn+1
™ = 22 7” 4
[t/An]_zkn“l‘l ’i+2]€n*1
A0, (P12 Do) o .
(B ) TS @S gy
¥y Uy i=0 j=i+kn
[t/An]-2
A, (@ P Pogrp?
7(711_2 12¢1+ 22% Z (A?Z)2(A?+2Z)2 (37)

1/}2 w% w% i=1

Theorem 3.1 Assume (H) and (K). For any fixed t > 0 the sequence ﬂ (Cr — Cy)

converges stably in law to a limiting variable defined on an extension of the omgmal space,
and which is of the form

t
Y, = / e dB., (3.8)
0
where B is a standard Wiener process independent of F and ~y; is the square-root of
9 4 2 2
Vi % (‘1)2290t + 2B, L 7 Ly oy 03) (3.9)

Moreover

ry R /fys ds, (3.10)

and therefore, for any t > 0, the sequence (C’ — C) converges stably in law to

an N(0,1) variable, independent of F.

A1/4 Ty

Example: The simplest function g is probably

go(x) = zA(1—x). (3.11)
In this case we have
1 1 1 151

=1 = — b = — D19 = — Doy = ——— 12
Y1 ; o =g 12 = oo 2= g0 (3.12)



and also, with k,, even, we have

1 kn—1 kn/2-1
7= (X - X 7)) (313)
" Jj=kn/2 J=0

Remark 1: Our estimators are in fact essentially the same as the kernel estimators in
Barndorff-Nielsen et al. (2006). With our notation the “flat top” estimators of that paper
are

[t/ An]—kn+1 1
K= Y (arz+ 3 k(jk ) (A?Z A7, Z+ATZ Ay_jz),
i=kn kn <i<[t/An]—kn+1, 1<j<kn "

where k is some (smooth enough) weight function on [0, 1] having k£(0) = 1 and k(1) =0,
and also £/(0) = k/(1) = 0. Then we see that

o b, 1A
Cr = K, (14+0(V/A,)) - 2912 w’; > (A}Z)? + border terms,
=1

provided we take k(s) = ¢2(s)/12, so there is a one-to-one correspondence between the
weight functions g and k. The “border terms” are terms arising near 0 and ¢, because
the two sums in the definition of K, do not involve exactly the same increments of Z.
These border terms turn out to be of order A4, the same order than af — (4, although
they are asymptotically unbiased (but usually not asymptotically mixed normal). This
explains why our CLT is somehow simpler than the equivalent results in Barndorff-Nielsen
et al. (2006).

Remark 2: Suppose that Y; = oW, and that oy = «, where ¢ and « are positive
constants, and that ¢ = 1. In this case there is an efficient parametric bound for the
asymptotic variance for estimating o2 in presence of i.i.d. noise, which is 8¢3\/a, see e.g.
Gloter and Jacod (2001). On the other hand, the concrete estimators given in Barndorff-
Nielsen et al. (2006) or Podolskij and Vetter (2006) or Zhang (2006), in the i.i.d. additive
noise case again, have an asymptotic variance ranging from 8.01 03y/a (and even from the
optimal variance 8 02y/a in Barndorff-Nielsen et al. (2006), although in a slightly different
setting) to 26 03y/a, upon using an “optimal” choice of 6 in (3.1). To compare with these
results, here the “optimal” asymptotic variance in the simple case (3.11), obtained for
0 = 4.777 \Ja /o, is 8.545 o3\/a, quite close to the efficient bound. Note that other than
(3.11) and more appropriate choices of g would give lower asymptotic variances.

Remark 3: In practice, going down from 8.545 to 8 as in the previous remark is rather
irrelevant, in front of the fact that we do not know how to choose 6 in an optimal way
(this is the drawback of all previously quoted papers as well, and especially for the efficient
estimator of Gloter and Jacod (2001)). More: since 0 = 0y and o = oy are usually random
and time dependent, there is no “optimal” choice of the number #; one should rather take



a 0 = 0; which is time-varying and data-dependent, and based on ”local” estimates of oy
and oy.

We have not pursued this matter in this paper. However, simple compromises can be
reached as follows: we usually have an idea of the “average” sizes ague and ogpe of oy
and oy: in this case one may take 6 close to 4.8 \/Qgye/Tave. Or, better, we can estimate
fOT oldt, fOT o2audt and fOT aZdt from the data (see the next remark for an estimator of the
first of these quantities, the two others can be similarly estimated using the convergence
(5.65) in the proof section. To get these estimates, one uses a preliminary value for 0).
Then we plug these estimators in equation (3.9). to get an efficient value of 6.

Remark 4: Note that a consistent estimator of the quarticity can be constructed using
a different linear combination of the three parts in (3.7). More specifically, we have

1 [t/An]=kn+1
A _ S
Qt 302¢% ; ( 7,)
[t/An} —2kn+1 i+2kp—1
Anwl ST\ 2 n o\ 2
_94¢2 Z (Z;) Z (AjZ)
2 i=0 j=itkn
A o [t/An]—2
nvi1 nrz\2 n 2
+4¢94¢§ ; (A 2)"(Al422)".
p t
— / oy dt; (3.14)
0

see section b for details.

Remark 5: Let us emphasize once more that, even though the structure of the noise
considered here is quite more general than in the existing literature, it still leaves out
the case where the noise is correlated, conditionally on X. It is likely that in the weakly
correlated case similar results (with different asymptotic variances) are true, but it would
seriously complicate the analysis.

Another point is worth mentioning: in contrast with some of the existing literature on
i.i.d. noise and most of the literature on rounding, we do not consider a noise level going
to 0 as the frequency increases. If it were the case, the same analysis would apply, but the
rate (and the choice of &, in (3.1), to begin with) would be different.

4 Simulation results

In this section, we examine the performance of our estimator.



4.1 Simulation Design

We study the case when the weight function is taken to be g(x) = x A (1 —xz). We simulate
data for one day (¢ € [0,1]), and assume the data is observed once every second (n=23400).
The X processes and the market microstructure noise processes are generated from the
models below. 25000 iterations were run for each model. The parameter values are chosen

to be close to those used in Zhang et al. (2005).

The actual values of n will vary from stock to stock and day to day. To get an idea
of the range for commonly traded stock, we report some values in Table 1. Our choice to

use n=23400 is meant to represent a fairly heavily traded stock.

F MSFT | INTC | PFE
4/4/2005 | 4998 | 80984 | 91516 | 15378
4/5/2005 | 4938 | 88721 | 74355 | 29101
4/6/2005 | 4033 | 103899 | 76048 | 16723
4/7/2005 | 5405 | 100339 | 69563 | 36140
4/8/2005 | 6199 | 65909 | 73223 | 15407

Table 1. Sample size “n” for four selected stocks from the New York stock exchange:
Ford (F), Microsoft (MSFT), Intel (INTC), and Pfizer (PFE), and one week in April

2005.

Model 1 — the case of constant volatility & additive noise.

Xi=Xo+oWy, Z7'=X"+¢€}

Parameters used: o = 0.2/1/252, € ~ i.i.d. N(0,0.0005%).

The observed sample path looks as in Figure 1:
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Figure 1. One observed sample path generated by model 1.
Model 2 — the case of constant volatility & rounding plus error.

exp(X]" + €7')

Xt:X0+JWt, Zlnzlog('yt J)

exp(x )

ol
exp(X )

where €' = n;* log and 7" is a Bernoulli variable (probabilities p}' and 1 — p}* of

exp(X1)

taking values 1 and 0), with p}' = log % / log %
1N— Y=

This model is similar to the two-stage contamination model studied in Li and Myk-
land (2007), where the observed log prices Z["’s are the logarithm of the rounded contam-
inated prices. Basically this model amounts to randomly assigning one of the two nearest
rounding grids of X; to its corresponding observation (with probability p; the upper grid
log (V(EXp Xt)]), 1 — p; the lower grid log (WLexf)gixt)J)) It’s easy to check that for this
model, the assumption (K) is satisfied.

Parameters used: o = 0.2/v252, Xy = log(8), v = 0.01. Note that the initial value
X is chosen so that the averaged size of error g is close to that in the simulations of
model 1 and model 3.

The observed log price process looks like in Figure 2:

11
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Figure 2. One observed sample path generated by model 2.

Model 3 — the case of stochastic volatility & additive noise. The Heston model (Heston
(1993)) is used to generate the stochastic volatility process.

dXt == (/.L - I/t/Q)dt + O'tdBt, Z,Z’L = X,Ln + er

and
dvy = k(o — vy)dt + yutl/Qth,

where v, = 07 and we assume Corr(B, W) = p.

Parameters used: p = 0.05/252,k = 5/252, « = 0.04/252,v = 0.05/252, p = —0.5 and
€ ~ ii.d. N(0,0.00052).

4.2 Simulation Results

Some initial simulations (not recorded here) showed that our estimator is fairly robust
to the choice of k,, in other words, it performs reasonably well for a large range of k,.
Since 6 comes from asymptotic statistics, it doesn’t give precise instruction about k, for
small samples. On the other hand, when computing the true asymptotic variance fg y2ds,
the 6 we should use is really k,v/A,. We decided to firstly fix k,, to be close to the one
suggested by the optimal @, and then re-define 0 to be k,,v/A,, for further computations.

In all our simulations, we used k, = 51, which corresponds to a 6 ~ 1/3.

Table 2 reports the performance of the estimator C’[L and the variance estimator I'}".

12



Model 1 Model 2 Model 3

Relative small-sample bias
Avg[(C — C)/C]
Relative bias in the variance estimator

Avg[(T} — fO Y2ds) /fg Y2ds]

Table 2. Relative bias in the estimators C't" and I'}, for the three models.

-0.008759 | -0.009784 | -0.008463

-0.014182 | -0.013898 | -0.013085

As we will see later, the results in Model 1, where Cf and I'} are essentially normal
distributed, show the importance of a correction of these estimators, when dealing with
small sample sizes. We propose to replace the parameters v; and ¢;; by their finite sample
analogues, which are defined as follows:

kn 1 knfl
I S R

j=1 " J:1

kn, kn
G =D (g =g — ) Gy = > gray

Jj=i+1 Jj=t+1
kn—1 1

ol = k(D (@l())? - 561 (0)?)

§=0

ol = (X ek () - 5ok 0k )

o = (X 0P - 505 0))

As it can be seen in the proof, these parameters are the ”correct” ones, but each of them
converges at a smaller order than n~ 1 and can therefore be replaced in the central limit
theorem. Nevertheless, for small sizes of k,, the difference between each of the parameters
and its limit turns out to be substantial. A second adjustment regards the sums appearing
in the estimators. The numbers of summands are implicitly assumed to be |t/A,, | rather
than [t/A,] — k, + 2, say. This doesn’t matter in the limit, but it is reasonable to scale
each sum by [t/A,,| divided by the actual number of summands to obtain better results.
However, this adjustment is of minor importance. The last step is a finite sample bias
correction due to the fact that ZlLtz/lA "J(A?X )2 converges to C;. Therefore, the latter

term in C’Z‘ gives a small negative bias, which we dispose of by another scaling factor.
Summarized, the new statistics can be defined as follows:

o bp DAL VA AR A
Ct, dj — (1_¢1 )1((L L / J \/7 Z (Zn)Q_qu)l Z (A;LX)2>

2624k t/An) =k + 2005 = R

13



and
< 4(1)]53 Lt/AnJ Lt/ATLJZ_kn+1(Zn)4

BOWE A ([t/An] =k +2) o

/A, Phn Pl opykn [t/An)—knt1 42k, —1

. Lt/ J ( k1n2 - 22]:7?14 ) Z (Zin)2 Z (A;LZ)2

0 ( [t/An] — kn +2) (¥5") (3") i=0 j=itkn
n Lt/AnJ (1)11%11 . 2¢’fg¢1" <I>§3 (¢1n)2 e A7 2 AN L7 2

93(Lt/AnJ —2) ((¢2n)2 (wlgn)?, (wlzqnyl ZZ; ( i ) ( i4+2 ) )

n,adj ¢ nAn _
Ft dj — (1_ 12 . ) 2
205"

n,adj

Table 3 reports the performance of the adjusted estimator C and the variance estima-

n,adj
tor ',

Model 1 Model 2 | Model 3

Relative small-sample bias
Avg[(C7"Y — 0)/C]

Relative bias in the variance estimator
dj t
Avg[(T*Y — [} Y2ds) /fo v2ds]

Table 3. Bias in the estimators C;' 94 gnd F?’adj, for the three models.

-0.000292 | -0.001169 | 0.000039

0.000525 | 0.000904 | 0.001653

Frequency
60 800 1000 1200
|

400
|

o -

[ T T T T T 1
0.00013 0.00015 0.00017 0.00019

adj_C_hat
Figure 3. Histogram of C'Zl’adj, for Model 1.

An . An,adj
We test the normality of the statistics NJ* = G20 and NV = Ctiic, whose

Ai/4\/17? t A}L/Zl\/l—‘;l,a(ij

quantiles are compared with the A (0,1) quantiles:

14



Mean | Stdv. | 0.5% | 2.5% 5% 95% 97.5% | 99.5%
Model 1 N/ -0.22 | 1.04 | 1.26% | 4.72% | 8.32% | 96.86% | 98.56% | 99.82%
Model 1 Ntn’“dj -0.05 | 1.02 | 0.82% | 3.20% | 6.08% | 95.55% | 97.94% | 99.68%
Model 2 N[ -0.24 | 1.06 | 1.76% | 5.03% | 8.77% | 96.92% | 98.67% | 99.93%
Model 2 Nt”’“dj -0.07 | 1.04 | 1.20% | 3.66% | 6.42% | 95.73% | 98.03% | 99.85%
Model 3 N/ -0.21 | 1.05 | 1.32% | 4.86% | 8.41% | 96.8% | 98.66% | 99.82%
Model 3 Ntn’adj -0.05 | 1.03 | 0.84% | 3.42% | 6.24% | 95.58% | 97.99% | 99.73%

Table 4. Comparisons of quantiles of N, Ntn’adj with N'(0,1).

Sample Quantiles

-2

4

T T T T T
-4 -2 0 2 4

Theoretical Quantiles

Figure 4. Normal Q-Q plot of Nt”’adj for Model 1.

One of the reasons that the above quantiles don’t look good enough is that there is a
(small) positive correlation between the estimator Cj* and I'}. One can adjust this effect

by using a first order Taylor expansion of I': expanding I'}" or F?’adj around the theoretical

. : Io—T7
asymptotic variance 'y (\/%fo ~ \/1171 - 2;03 75 ):
t

(Lo —IP)(CF ~ O)

NOP := N —
NI

and o ,
(Do — ¥y (Cpe? — )

oA/ T3

n,adj . arn,adj
Nowed = Npadi

The quantiles of N0} and N O?’adj are compared with the A/(0,1) quantiles:

15



Mean | Stdv. | 0.5% | 25% | 5% | 95% | 97.5% | 99.5%
Model 1 NO? 017 | 1.03 | 0.64% | 3.27% | 6.75% | 95.75% | 97.70% | 99.47%
Model 1 NO™*Y | 001 | 1.04 | 0.40% | 2.21% | 4.81% | 94.26% | 96.78% | 99.16%
Model 2 N0 0.19 | 1.04 | 1.00% | 3.74% | 7.10% | 95.82% | 97.70% | 99.53%
Model 2 NO*Y | -0.02 | 1.05 | 0.63% | 2.72% | 5.07% | 94.20% | 96.74% | 99.12%
Model 3 N0 -0.16 | 1.04 | 0.65% | 3.50% | 6.85% | 95.71% | 97.79% | 99.53%
Model 3 N0O*¥ | 0.00084 | 1.05 | 0.38% | 2.40% | 4.94% | 94.06% | 96.76% | 99.16%

Table 5. Comparisons of quantiles of NO}, NO?’adj with N'(0,1).

Sample Quantiles

-2
|

T T T T T
-4 -2 0 2 4

Theoretical Quantiles

Figure 5. Normal Q-Q plot of NO?’adj for Model 1.

We see from the above simulation results that our estimator works quite well for these
models. We note that our theoretical results do not require the often made assumption that
the rounding threshold go to zero, and this is reflected in the simulation when comparing
results of model 2 with those of model 1. Comparing results of model 3 with those of
model 1, we see that our approach works well for the stochastic volatility model.

5 The proof

To begin with, we introduce a strengthened version of our assumptions (H) and (K):

Assumption (L): We have (H) and (K), and further the processes b, o, [ 2 Q;(dz) and
X itself are bounded (uniformly in (w,?)) (then « is also bounded). O

Then a standard localization procedure explained in details in Jacod (2008) for example

16



shows that for proving Theorem 3.1 it is no restriction to assume that (L) holds. Below,
we assume these stronger assumptions without further mention.

There are two separate parts in the proof. One consists in replacing in (3.6) the
observed process Z by the unobserved X, at the cost of additional terms which involve
the quadratic mean error process « of (2.5). The other part amounts to a central limit
theorem for the sums of the variables (Y?)Q This is not completely standard because
(X;)? and (Y;V are strongly dependent when |i — j| < kj, since they involve some
common variables X', whereas k,, — oo. So for this we split the sum ZEZOA "]_k"H(Y?V
into “big” blocks of length pk,,, with p eventually going to oo, separated by “small” blocks
of length k,, which are eventually negligible but ensure the conditional independence
between the big blocks which we need for the central limit theorem.

Obviously, this scheme asks for somehow involved notation, which we present all to-
gether in the next subsection.

5.1 Some notation.

First, K denotes a constant which changes from line to line and may depend on the bounds
of the various processes in (L), and also on sup,, k2A,, (recall (3.1)), and is written K, if
it depends on an additional parameter r. We also write O, (z) for a (possibly random)
quantity smaller than Kz for some constant K as above.

In the following, and unless otherwise stated, p > 1 denotes an integer and g > 0 a
real. For each n we introduce the function

fn—1
gn(s) = Z 95 L(j=1)An,jAn (8)s (5.1)
j=1

which vanishes for s > (k, — 1)A,, and s < 0 and is bounded uniformly in n. We then
introduce the processes

X(n7 S)t = fg bugn(u - S)du + fot ngn(u - S)qu }

. (5.2)
Cn,s)y = [y omgn(u—s)*du.

These processes vanish for ¢t < s, and are constant in time for ¢ > s + (k, — 1)A,,, and

kn—1
X = XD ks & = Y (g)2AL,0 = Cnidn)apana,.  (5.3)
j=1
Next, we set
iNj+kn—1 kn—1
Afp = hphnam, AR =AY = ()l (5.4)
m=iVj m—0
i+pkn—1
Zr = (ZP-AY-d, (Zpi= Y. 2 (5.5)
p

17



i+phn—1 itphn—1
=3 (@2=e), compr= > (@W)32-c). (56
=i j=i
(note the differences in the definition of {(V,p)? when V = Z or V=X or V = W).
Moreover for any process V we set

n TN m—j
el = 2 ViV o (T (5.7)
(j,m): i<j<m<i+pk,—1 n
42kl
W= (ViR Y (AR (5.8)
j:i+kn

Next we consider the discrete time filtrations Fir=F J(g)n ®.7'—](1A)n_ (that is, generated by

all ]:](g) -measurable variables plus all variables Z; for s < jA,, and ]—}’" =FO g F QA)n—

J

n

and G(p)7 = Filp+1)k, and g = T ot 1o 4 for 5 € N, and we introduce the
variables
) = Y52 C(Zp) iy a(p)? = Em®)7 | Gp)") 59)
W) = Y2 U2 ey TOF = B @) G0,

Then j,(p,t) = [(pﬁr)%] — 1 is the maximal number of pairs of “blocks” of respective
sizes pky and k, that can be accommodated without using data after time ¢, and we set

Flpyp = Sr®qm)r,  Me)p = S8 e —ae))
Fpyp = Sre7mr,  Meyp = Y080 er -am)m),

With the notation i (p,t) = (jn(p,t)+1)(p+1)ky,, we also have three “residual” processes:

(5.10)

_— A [t/An}Z—kn-i—l

o = 4 7 (5.11)

i=in (p,t)

[t/An]—kn+1 [t/An]
A n A, n wlAn n r7\2
Cwi = G X A gy > (Ar) (5.12)

=0 i=1

t/An]—kn+1
~ VA,
mo_ Yo g-a. (5.13)

T i=0

The key point of all this notation is the following identity, valid for all p > 1:

Ci'=Cr = M)} +M'(p)} + F(p)} + F'(p)f + Co)i + C' o)y + G (5.14)

18



We end this subsection with some miscellaneous notation:

BP)7 = SUDg il (i+(p+2)kn)An] (\bs —by| +|os — or| + |os — atl)

(5.15)
X = A+ VEBEZTFD.

1
By = — /0 564(5);(s) ds. (5.16)

5.2 Estimates for the Wiener process.

This subsection is devoted to proving the following result about the Wiener process:

Lemma 5.1 We have
E(C(W,p)})? | ') = AlpPaz + E22) kpAZ (o) + Ou(p*x(p)1), (5.17)

E(CWp) | F7) = B2+ Z)kSAn + Ou(pA; 1), (5.18)
Proof. 1) Since ¢g(0) = g(1) = 0 we have fol g'(s)ds = 0. We introduce the process

1 t+1 1
U = —/ g (s)Wiysds = —/ g (s —t)Wsds = —/ g (s)(Wyys — Wy)ds,  (5.19)
0 t 0

which is stationary centered Gaussian with covariance E(UpUys) = ¢2(s), as given by
(3.4). The scaling property of W and (3.5) and g(0) = g(1) = 0 imply that

I

Vi, Z((”“) (i) W,

i>1

Then (3.2) and the fact that E(sup,c( ¢ [Wi+u — W|?) < K592, plus a standard approx-
imation of an integral by Riemann sums, yield

(W) & (VEba Uy +BY) . E(RI) < EAY (5.20)
where the last estimate holds for all ¢ > 0. Then in view of (3.1) we get for j > i:

E(W?Wﬁff) — k An@( )+o N

(5.21)
E((W) | 7) = 3k2A203 + 0,(AYY).
At this stage, (5.18) is obvious.
2) We have
(CW,p)1)? = (07) Va(i,p)? + Vi (i,0)* — 2(07)*Vau i, )V, (i, ), (5.22)
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where

i+phn—1 i+pkn—1
Va(iop) = > (W)2  ViGp) = Y. .
j=i Jj=t

On the one hand, we deduce from (5.3) that if i < j < i+ (p+ 1)k,

"= ok A (07)? + Ou(An + VA, B(p) (5.23)
Then obviously
Vi(i,p) = ¥2(00)?pk2An + Oulpy/An + p B)). (5.24)

On the other hand, another application of (5.20) and of the approximation of an
integral by Riemann sums, plus the fact that E(sup,cp s [Ut+u — Ut|?) < Kys? (this easily
follows from (5.19)), yield for any p > 1:

Vilin) £ KA, [ORds - RO BIRGEY < Kpagh 629
Since E(UUpys) = ¢2(s), that for p > 2 the variable U, = [’ (Us)?ds satisfies

_ o _
E(U,) = pi2, E(Up) = p21/1§+4p¢>22+4:22.

Then (5.25) yields

E(Vu(ip) | FP) = pk2Anths + Oy (pAX™)

(5.26)
E(Va(i,p)? | F7) = (023 + 4p®an + 4Em0) kj A2 + 0, (p?Ar/ ).
Combining (5.24) and (5.26) with (5.22), we immediately get (5.17). O

5.3 Estimates for the process X.

Here we give estimates on the process X. The assumption (L) implies that for all s,z >0
and g > 0,

E (Supu,ve[t,t+s} [ Xu — Xol? | ft) < Ky 572

(5.27)

E(Xirs - X | F)

< Ks.
Then, since |h}| < K/k;, and Zk" ! h = 0 for the second inequality below, we have
E(JAL X1 | 7)< KA E(IXI0 7)< KAYL (5.28)

An elementary consequence is the following set of inequalities (use also |¢]'| < K\/A,, for
the first one):

E((CCLpN! | 7)< Ky E(CCOF | F7) < KA, (5.29)
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Here and below, as mentioned before, the constant K, depends on p, and it typically goes
to 0o as p — oo (in this particular instance, we have K, = Kpt); what is important is
that it does not depend on n, nor on 1.

(5.29) is not enough, and we need more precise estimates on ((X,p)! and ¢'(X,p)?,
given in the following two lemmas.

Lemma 5.2 We have

[ECCp) 17| < KpAY o) (5.30)

Proof. Observe that, similar to (5.27),

E(mmLXOL$AqLEJ < K A7 ]E@xo%@tyf) (5.31)
t>0

Let us define the processes
M(n,s) = 2 fo w0y gn(u — 8) dW,,
B(n,s); = 2 fo (n, s)u by gn(u — s)du.

B(n,s)+C(n,s)+ M(n,s).

Then M (n, s) is a martingale, and by Itd’s formula X (n, s)? =
(p+ 1)ky, (5.30) is implied by

Hence, since E(x(1)} | 77') < x(p);" when i <j <i+
BB, 380 aakan | FP)| £ KAY X))

For this we write B(n,iAn)(itk,)a, = Un + Vp, where

(o)A '
Un = bj /jA X(najAn)u gn(u_]An) du7

Jtkn)A
= / X(n,jAn)u (by — b?) gn(u —iAy) du.
JAn

< KA, < KEAY x(p)7-

sup;>q | X (n, jAn)¢|, hence the first part

On the one hand, the second part of (5.31) yields that ‘]E(Un | F7)
On the other hand, we have |V,,| < Kv/A,, (1)

of (5.31) and Cauchy-Schwarz inequality yield E(|V,| | F}') < KAY! x(1)7, and the result
follows. =

Lemma 5.3 We have
B | ) - 4(0Pa2 + Z22) BEAL(01)}] < Kpx(p) s
(¢, X001 F7) = (012 + B2 S Ao \ < KA P X()?):
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Proof. The method is rather different from the previous lemma, and based upon the
property that for iA, <t <s < (i+ (p+ 2)k,)A, we have
q
E( sup | Xy — Xy — o(Wy — Wy)
u,VE[t,t+5]

| F) < Kpgs? (872 + BB | FT)).

We deduce that for i < j,1 < i+ (p+ 2)k, we have

E(‘X;f — X[ — o(WP — W)

NE) S Ko A (AY BB FD). (533)

Now, V' Zk not hi (Vi — V") and |h}| < K/ky, by using Holder inequality and (5.28)

we get for s a positive integer

E(|(X))" - (o7 775)"

NE) S Kpgs A9A(AYE(BONTFD). (5.30)

By (5.7), this for s = 1 and ¢ = 2, plus (5.28) and Cauchy-Schwarz inequality, yield

E(

In a similar way, and in view of (5.6), we apply (5.34) with s =2 and ¢ = 2 to get

"(X,p)i = (0]’ (W.p)}

[F) < Ky ATV

2
E(|cCnp) = commi| | 7)< Ky (o)), (5.35)

which yields (use (5.29) and Cauchy-Schwarz inequality):

E(| (¢ = CovmD?| 1 7)< Ky xo)r-

At this stage, the result readily follows from Lemma 5.1. O

5.4 Estimates for the process 7.

Now we turn to the observed process Z, and relate the moments of the variables 7;,

conditional on F©), with the corresponding powers of Y;L To begin with, and since
|hj| < K/kn and « is bounded, and by the rate of approximation of the integral of a
piecewise Lipschitz function by Riemann sums, the following properties are obvious:

4] < KVA, ‘
lj—il>ke = A}, =0
i<j<m<i+(p+k, = (5.36)
A%, = af - (%) + Ou(pAn + VAL B(0)})
M2(p®11 + Z11) + Oy (P3@+pﬁ(P)?)’ )

2 _
Z(j,m): i§j<m§i+pkn—1(A?,m) (

Next, we give estimates for the F(9-conditional expectations of various functions of Z.
Because of the F(©)-conditional independence of the variables Z; — X; for different values
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of t, and because of (2.3), the conditional expectation E((Z; — X;)(Zs — X,) | FO ® féi))
vanishes if s < t and equals oy if s =¢. Then, recalling (2.5) and (5.4),

(2

E(Z] - T‘yf’"> =0

- _ (5.37)
(7 -X)(Z - X)) | 7)) = Ay
More generally, E(anzlh;-‘ (28, — X&) | F +]1> = 0 as soon as there is one j,,, which

is different from all the others, and moreover [h7| < K+v/A,, whereas the moments (2.6)

are bounded for ¢ < 8. Then if we write (Z, — X, )? as the sum of Iy _ % (27 —XT )

over all choices of integers j; between 0 and k,, — 1, we see that for r, ¢ integers we have

Ou(Ay) ifg+r=3
E((Z-X7)UZ; X)) | Fliy) = § APAT +2(A7)2 + 0,(AY?) ifq=r=2 (538)
Ou(A2) if g+ =8.

Now, if we expand the first members of (5.38), and in view of (5.36) and (5.5) and of
lct| < KA, we deduce from (5.37) and (5.38) that for j > i:

B(Zr | Fr) = (P - (201 F) = (X4 0u(vEy)
E(Z"Z]’” | ]—"(0)) = (X2 = (X)) — ) + AX[X T AT, + 2(A7)2

7

— — (5.39)
+0u (A2 + AnXT |+ AKX
E((Zm* | 7)) < K(AZ+[XP),
Then obviously this, combined with (5.28) and (5.30), yields
EC(Z.p)} | F") = (X, p)}
E((C(Z.p))* | F) < Ky (5.40)
E(C(Z.p)7 | 7| < KA 'x(p):-

and also, in view of (5.36),

E(C(Zp)D? | FI) = (X p))2 + - al ¢'(X,p)7 + 4(a)2(p®11 + 1)

kn
+0°0u((VAn +80)7) (1+ H%l X))

Then, using (5.28) again and (5.32) and Holder inequality, we get

E((¢(Z,p)1)? | FI') — A(pP22 + Ez2)ky, A7 (07')"

—80(07)? (pP12 + Er2)ka A — 4(a))?(pP11 + E11)| < Ky x(p)7. (5.41)
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We need some other estimates. Exactly as for (5.39) one sees that

E((ZD) | Fr) = (X)) +6(X7)2A7 +3(A7)? + 0u (A7 + Aa|XT)
z"

- (5.42)
E((Z) | Fm) < K(A2+ (X))
and (using the boundedness of X)
7 n m — 1 n n \Vit2kn ny)2
E(C"2)7 | Fm) = CXP AT (A7)
XD + A7) S5, (@ +af), (5.43)

E((¢"(2p2 | Fr) < K.

Therefore, using (5.28), (5.29), (5.36), (5.21), and (5.34) with s = 2, we obtain
1 n n n 3 n n
‘E((Zz )4 | Fi') — SkTQLAszS(U’L' )4 — 64, (0; )2%‘ 1o — %(ai )2¢% < KAux (1) (5.44)

E(C"(2) | ) = 207 (10 + vakiAn(of)al)

< Kx(1)7. (5.45)

Finally, the following is obtained in the same way, but it is much simpler:
E((A2L2)? | F") = (A X)? +of +afy,
E((A7 2)2(A2) | ) = 4(al)? < Kx(1)7 (5.46)
E(A Z2) AL 2) | 7T < K.

5.5 Proof of the theorem.

We begin the proof of Theorem 3.1 with an auxiliary technical result.

Lemma 5.4 For any p > 1 we have

E(VAL TG B BO) i, ? | Fpriw,) = 0
E(VBr S28(B0) ey, )?) — 0.

(5.47)

Proof. We have j,(p,t) < K,t/+/A,. Then the first expression in (5.47) is smaller than
a constant times the square-root of the second expression, and thus for (5.47) it suffices
to prove that

n(p:t)
E(VA. Y B0)pen,)?) = 0 (5.48)
=0

Let € > 0 and denote by N(g); the number of jumps of any of the three processes b, o or
a, with size bigger than e, over the interval [0,¢], and set p(e,t,n) to be the supremum of
|bs — by| + |os — 0| + |as — ay| over all pairs (s,7) such that s < r < s+ n <t and such
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that the interval (s, 7] contains no jump of b, o or « of size bigger than €. Then obviously,
since all three processes b, o, a are bounded,

]n(pvt)
VALY B0 i) < (KNEWAL) A + Kyt ple,t, (0 + DkalAn)?.
j=0

Moreover limsup, _, p(e,t,n) < 3e. Then Fatou’s lemma yields that the limsup of the
left side of (5.48) is smaller than K,te?, and the result follows. O

The proof of the first part of the theorem is based on the identity (5.14), valid for all
integers p > 1. The right side of this decomposition contains two “main” terms M (p)}
and M'(p)}, and all others are taken care of in Lemmas 5.5 and 5.6 below:

Lemma 5.5 For any fixed p > 1 we have:

AV EEr 0 (5.49)
AV E e o (5.50)
ATV G o (5.51)
AV B, (5.52)

Proof. In view of (5.9) and (5.10), the proof of both (5.49) and (5.50) is a trivial
consequence of (5.40) and of Lemmas 5.2 and 5.4. Since the right side of (5.11) contains
at most K,/v/A, summands, each one having expectation less than K Ai/ 2 by the last
part of (5.39) and (5.28), we immediately get (5.51).

In view of (5.3), and with the notation a, = Z?g{l(g?)% we see that
[t/An]—kn+1 [t/An]—kn+1itk,—1
Yoooa@ = Y Y rare
i=0 i=0 I=i+1
[t/ An] IA(kn—1) [t/ An]—kn+2
= Y ApC > (@)? = an > AFCH+0,(1).
=1 GV (ke —1— [t/ An]) I=kn—1
It follows that 6{" = (‘gﬁ? Gn — 1) + Ou(v/Ay). Since by Riemann approximation we
have a,, = kpta + O, (1), we readily deduce (5.52) from (3.1). 0

Lemma 5.6 For any fized p > 1 we have A,_Ll/4 6’(p)3§1 2.0

Proof. Let (" = (A?Z)%2—(a ;+a®). We get by (5.28) and (5.46), and for 1 < i < j—2:

E(¢) = E(A7X)?) = Ou(An),  E(('¢]) = E((AIX)*(A}X)?) = O0u(A7),
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2
and also E(|¢?|?) < K. Then obviously ]E((ZWA"] CZ") ) < K/A,, and it follows that

WA 3/4 [t/An] b
G, = 292% Yo —o.
i=1

It is then enough to prove that 1 NG C’( )P+ G £, 0. Observe that by an elementary
calculation, F C'(p)? + Gy, = Uy + V,,, where

1/4  kp—1 3/4 in(p,t)—1
Un = (@;2 (;mm?)—w@’; ) (% o).

i=kn,

1/4 kn—1 i in(pyt)+kn—2 kpn—1

V, = 5 > ar Z h)? oooap > ()2
2\ ico i=in(p,t) I=i+1—in(p,t)
¢1 3/4 kn—1 [t/An]—-1

292¢ 0+22a + 2 Z a;’ +0‘t/A

i=in (p,t)

On the one hand, since oy is bounded and |h}'| < K+/A, it is obvious that |V,| <
KAL*. On the other hand, Zf;o‘l(hf)? = %—%O(An), whereas Zz’;(,ff)_l al' < K/A,,
so by (3.1)), we see that U, — 0 pointwise. Then it finishes the proof. O

Now we study the main terms M (p)} and M'(p)} in (5.14). Those terms are (dis-
cretised) sums of martingale differences (note that n(p)? and 7'(p)?) are measurable with
respect to G(p)’},; and G'(p)7, ; respectively).

By Doob’s inequality we have

Jn(pst)

(sup|M’ 2) < 4 Z

s<t

Now, (5.41) for p =1 and the boundedness of x(1) imply E(|n’(p)} ?) < KA, and thus
(vecall ju(p,t) < Kt/py/Bn):

E(sup M p)1?) < 20 VA, (5.53)

s<t b

Lemma 5.7 For any fized p > 2, the sequence A%M M(p)™ of processes converges stably

i law to

Y(p) = /Ov(p)sst, (5.54)



where B is like in Theorem 3.1 and ~(p)¢ is the square root of

4 P 1 0'20ét
2 t
= — — P 7\? )9 2( P — U >
~v(p); 2 (<p+1 22 + 22 |00y + +1 12+ Pt 1 12)—p
2
P oy
(2 e+ v ) 2 5.55
p+1 Hpr1 e (5.55)

Proof. 1) In view of a standard limit theorem for triangular arrays of martingale differ-
ences, it suffices to prove the following three convergences:

s 2_;( P 16wR — @wy?) £ [ e 650
1 Jn(pt) .
~ 2 E6@) 190 o, (5.57)
1 jn(p,t) 5
7 2 Bl AN 16()) 0. (5.58)
n j=0

where A(V,p)7 = Vit kna, — Vij—1)(p+2)ka A, for any process V, and where (5.58) should
hold for all bounded martingales N which are orthogonal to W, and also for N = W. The
last property is as stated as in Jacod and Shiryaev (2003). However, a look at the proof
in Jacod and Shiryaev (2003) shows that it is enough to have it for N = W, and for all N
in a set N of bounded martingales which are orthogonal to W and such that the family
(Noo : N € N) is total in the space L!(Q, F,P). A suitable such set ' will be described

later.

2) Since jn(p,t) < Kt/pv/ Ay, (5.57) trivially follows from (5.40), whereas (5.56) is an
immediate consequence of (5.41) and of a Riemann sums argument.

3) The proof of (5.58) is much more involved, and we begin by proving that

In(pyt)
n P n n n
AYY N af — 0, where a} =E(C(W,p)i1y, AWND)T G0} (5.59)

=0
We have (W, p)? = (67)*V,,(i,p) — V..(i,p) (see after (5.22)), and we set
07 = E(Va(i(p+ kn,p) AN, p)} | G(D)}),
0" = E(Vy(jlp+ Dkn,p) AN, p)] | G(p))-

When N = W, the variable (5}1 is the F(pt1)k, A,-conditional expectation of an odd
function of the increments of the process W after time j(p + 2)k, Ay, hence it vanishes.
Suppose now that N is a bounded martingale, orthogonal to W. By It&’s formula we
see that (W;)2 is the sum of a constant (depending on n) and of a martingale which is
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a stochastic integral with respect to W, on the interval [jAn, (j + kn)A,]. Hence 07 is
the sum of a constant plus a martingale which is a stochastic integral with respect to W,
on the interval [j(p + 1)k,An, (j + 1)(p + 1)k, Ay]. Then the orthogonality of N and W
implies 67 = 0 again. Hence in both cases we have ¢} = 0.

Since af = (U;L(p+1)kn)25;ﬂ — o/, (5.59) will follow if we prove
Jn(pst) P
AYE N e — 0. (5.60)
=0

For this we use (5.23). Since N is a martingale, we deduce (using Cauchy-Schwarz in-
equality) that

07 < Kp X(0)prnye, \/EAF D) | G0N, (5.61)

where F' = (N, N) (the predictable bracket of N). Then the expected value of the left
side of (5.60) is smaller than the square-root of

Jn(pst)
B(F) E(VAL Y E(B0)pi,)):
7=0

and we conclude by Lemma 5.4.

4) In this step we prove that

jn(p7t)
n ]P n n n n
AYE S at — 0, where af' = E(C(X,p)] 40k, AND)]1GD)]).  (5.62)
7=0

Then by Cauchy-Schwarz inequality and (5.35) we see that |a]* — a| satisfies the same
estimate than [07"| in (5.61). Hence we deduce (5.62) from (5.59) like in the previous step.

5) It remains to deduce (5.58) from (5.62), and for this we have to specify the set .
This set A is the union of N° and N, where N? is the set of all bounded martingales
on (Q©, FO), (ft(o)), P(©), orthogonal to W, and A'! is the set of all martingales having
Noo = f(Z4y,--+ , Zs,), where f is any Borel bounded on R? and ¢; < --- <, and ¢ > 1.

When N is either W or is in A/?, then by (5.40) the left sides of (5.58) and of (5.62)
agree, so in this case (5.58) holds. Next, suppose that N is in N, associated with the
integer ¢ and the function f as above. In view of (2.4) it is easy to check that N takes the
following form (by convention ty = 0 and t441 = 00):

tl§t<tl+1 = Nt = M(Z;Ztl,"',Ztl)t

for /=0, ---,q, and where M (l;z1,--- , %) is a version of the martingale

q
Mtz o) =EO( [ ] Quldz)fer, ) | FY)

r=[+1
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(with obvious conventions when [ = 0 and | = ¢), which is measurable in (zy,-- - , 2z, w(®).
Then

E((C(Z,0)jp+1)k, — C(Xo0)j(pr)k,) AN, D)} 1 G(P)F)) = 0O (5.63)

by (5.40) when the interval (j (p + DknAp, (j(p+ 1) + 1)k, Ay] contains no point ;. Fur-
thermore, the left side of (5.63) is always smaller in absolute value than K, (use (5.29) and
(5.40) and the boundedness of N). Since we have only ¢ intervals (j(p + 2)k,An, (j(p +
1) + 2)k,A,] containing points t;, at most, we deduce from this fact and from (5.63) that

0o Gy » Jn(pit) o
A7 2 B AW 160)) - AY 3 ] < el
n =0
and (5.58) readily follows from (5.62). O

Now we can proceed to the proof of the first claim of Theorem 3.1. We have

1 An 1 n n
A1/4 (Ct - Ct) = A1/4 M(p)t + V(p)t )
where
n 1 n n n A\ ~ n AIm
VR = (MO FE PO +COF +C 0 +C").

On the one hand, Lemmas 5.5, Lemma 5.6 and (5.53) yield

lim limsup P(]V(p)?! > 5) =0

P—0 n—ooo

for all € > 0. On the other hand, we fix the Brownian motion B, independent of F.
Since 7v(p)¢(w) converges pointwise to v (w) and stays bounded by (5.55), it is obvious

that Y (p)s Ly, (recall ((3.8) and (5.54) for Y and Y (p)). Then the result follows from
(5.54) in a standard way.

It remains to prove (3.10). We set for r = 1,2, 3:

L = > )i (5.64)
i€l (rn,t)
where
{0,1,--- | [t/A,] — Ky + 1} if r=1
I(r,n,t) = {0,1,--- | [t/A,] — 2k, + 1}  if r=2
{0,1,--- | [t/A,] — 3} if r=3
and

wUF =(Z7)" u@)P =Au"(2)F, u@)] = An(ALL2)* (AT, 52)°

(Note the different summations ranges I(r,n,t), which ensure that we take into account
all variables ()} which are observable up to time ¢, and not more.)
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Then a simple computation shows that (3.10) and (3.14) are implied by

t
Ly 5 D = [ s (5.65)
0
for r =1, 2,3, where

3
(1) = 30*30) + 6v1aoias + 7 i}

2); = 20%¢poia; + 2107
3)75 = 4@?

We set o/(r)? = E(u(r)? | F'), and we denote by I'(r) for r = 1,2,3 the processes
defined by (5.64), with w(r)? substituted with «/(r)?. Then we have I"(r)} L, ['(r); for
r =1,2,3: this is a trivial consequence of (5.44), (5.45) and (5.46) and of an approximation

of an integral by Riemann sums. Hence it remains to prove that I'(r)y — I'(r)} £, 0, a
result obviously implied by the following convergence:

Z v(ryn,i,j) — 0, where v(r,n,,j) = ((u(r)?—u’(r)?)(u(r)?—u'(r)?)) (5.66)
i,J€I(r,n,t)

We have |v(r,n,i,j)| < KA2 by (5.42) for r = 1, by (5.43) for r = 2 and by (5.46) for
r = 3. Further v(1,n,4,j) = 0 when |j —i| > k,, and v(2,n,4,5) = 0 when [j — i| > 2k,,
and v(3,n,14,7) = 0 when [j — ¢] > 5, so (5.66) holds in all cases.
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