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This article proposes to price an American option by ap-
proximating its early exercise boundary as a multipiece
exponential function. Closed form formulas are obtained
in terms of the bases and exponents of the multipiece ex-
ponential function. It is demonstrated that a three-point
extrapolation scheme has the accuracy of an 800-time-
step binomial tree, but is about 130 times faster. An in-
tuitive argument is given to indicate why this seemingly
crude approximation works so well. Our method is very
simple and easy to implement. Comparisons with other
leading competing methods are also included.

Pricing and hedging American options have been chal-
lenging problems. McKean (1965) and Merton (1973)
demonstrate that the pricing of American options is a free
boundary problem. The difficulty in pricing such options
stems from the possibility of early exercise, and the early
exercise boundary must be determined as part of the solu-
tion. Even though it is highly desirable, a closed form for-
mula has not been found and it is not likely that one will be
found anytime soon. Therefore efforts have been concen-
trated on approximate methods. Numerical methods such
as the finite difference method of Brennan and Schwartz
(1977) and the binomial tree model of Cox, Ross, and
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Rubinstein (1979) are among the earliest approximate methods and are
still widely used. Even though these numerical methods are quite flexible
and simple to implement, they are very time consuming. Academics and
practitioners alike have been trying to find other faster methods.

MacMillan (1986) and Barone-Adesi and Whaley (1987) develop an
approximate analytical formula for American options. Their approximation
is very fast and many times faster than most other methods. A serious
shortcoming of their method is that it is not very accurate, especially for long
maturity options. Therefore the applicability of their method is quite limited.
Another drawback of this analytical method is that it is not convergent
because there is no control parameter to change to improve the accuracy.

Because lower bounds and upper bounds exist for American options,
some researchers have attacked the problem of pricing American options
from yet another angle. Generally they first prove a lower bound and an up-
per bound for the American option price. Then they adopt an interpolation
scheme to price the American option. The accuracy of these methods de-
pends crucially on the tightness of the bounds and the interpolation scheme.
These methods include Johnson (1983) and Broadie and Detemple (1996).
These methods can be quite fast, but an undesirable feature is that they all
need regression coefficients which in turn require computing a large set of
options accurately. Like the analytical approximation, methods based on
interpolation schemes are not convergent.

A fourthgroupofmethods includes thosewhichareapproximateschemes
based on exact representations of the free boundary problem of pricing
American options or the partial differential equation (PDE) satisfied by
American option prices. This group includes Geske and Johnson (1984),
Bunch and Johnson (1992), Huang, Subrahmanyam, and Yu (1996), and
Carr (1997). These methods can be made as accurate as desired if more
and more terms are included in the approximations. A serious problem is
that, as more and more terms are included, the methods become more and
more time consuming. A potential advantage of an exact representation of
the American option problem is that it can be subjected to various approx-
imation schemes. Geske and Johnson (1984) use a four-point Richardson
extrapolation scheme to approximate their American option formula, which
involves an infinite series of multivariate cumulative normal functions. Be-
cause multivariate cumulative normal functions require the computation of
multidimensional integrals, the possibility to include more terms in their
approximation to gain accuracy is very limited. Bunch and Johnson (1992)
implement a modified two-point Geske-Johnson approach to avoid the mul-
tidimensional integrals. Carr (1997) discretizes only the time dimension of
the evaluation PDE. Carr, Jarrow, and Myneni (1992), Jacka (1991), and
Kim (1990) obtain formulas representing the early exercise premium of an
American option as an integral (hereafter the integral representation method)
which has the early exercise boundary in it. To avoid having to compute
many early exercise points, Huang, Subrahmanyam, and Yu (1996) imple-
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ment a four-point Richardson extrapolation scheme to the integral repre-
sentation method. Only six points on an approximation to the early exercise
boundary are needed. Since the integral representation method involves only
the univariate cumulative normal function, their method is very fast, but it
is not very accurate, especially for moderate and long maturity options, for
example, LEAPS.1

In this article, we propose another approximation based on the integral
representation method. The key insight of our approximation is that the
early exercise boundaryBt appears only as an argument to the logarith-
mic function in the integral for the early exercise premium.2 Therefore the
integral does not depend onBt critically. Consequently, we propose to ap-
proximate the early exercise boundary as a multipiece exponential function.
Fortunately the resulting integral can then be evaluated in closed form. Be-
cause the most important time dependencies in the premium integral are
integrated analytically, a very fast and accurate method is obtained.

The layout of the remainder of this article is as follows. We detail our
approximation in Section 1. Numerical results are presented in Section 2.
We demonstrate there that a three-point extrapolation scheme attains penny
accuracy for a large set of options (1290). Our method has the advantage
that it does not involve regression coefficients and is convergent. Our ap-
proximation also has several other useful features. It shares with many other
methods that it is exact in the limit as the time to maturity goes to zero. It
also shares the property with the lower and upper bound approximation
(LUBA) of Broadie and Detemple (1996) that it is exact as the time to ma-
turity goes to infinity, the perpetual case. Because our method is exact in
both extreme cases, it is not very surprising that it yields good results for
intermediate maturity options. On the other hand, as the time to maturity be-
comes longer, most of the other methods necessarily become less accurate.
Section 3 summarizes and concludes the article.

1. Derivation and Implementation

Under the usual assumptions of constant riskless interest rater , dividend
yield δ and volatilityσ , and a log-normal process for the underlying asset,
Carr, Jarrow, and Myneni (1992), Jacka (1991), and Kim (1990) obtain the
following formula for the price of an American put:3

PA = PE +
∫ T

0

[
r Ke−r t N(−d2(S, Bt , t))− δSe−δt N(−d1(S, Bt , t))

]
dt

1 Long-term equity anticipation securities (LEAPS) are long-term exchange-traded options. They last up
to 3 years.

2 See Equation (1) in Section 1 of this article.
3 We consider American puts only. American calls can be evaluated similarly or can be priced using the parity

result of McDonald and Schroder (1990) for American options:C(S, K , r, δ, σ, T) = P(K , S, δ, r, σ, T).
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= PE +K (1− e−rT )− S(1− e−δT )− K
∫ T

0
re−r t N(d2(S, Bt , t))dt

+ S
∫ T

0
δe−δt N(d1(S, Bt , t))dt, (1)

where

d1(x, y, t) = log(x/y)+ (r − δ + σ 2/2)t

σ
√

t
,

d2(x, y, t) = d1(x, y, t)− σ√t,

andPE is the price of the corresponding Black and Scholes (1973) European
option formula. The early exercise boundaryBt solves the following integral
equation:

K − Bt = PE(Bt , K , T − t)+ K (1− e−r (T−t))

− K
∫ T

t
re−r (s−t)N(d2(Bt , Bs, s− t))ds− Bt (1− e−δ(T−t))

+ Bt

∫ T

t
δe−δ(s−t)N(d1(Bt , Bs, s− t))ds. (2)

OnceBt is obtained, the price of the American put can be calculated easily.
But solving forBt is a very time-consuming process.

Huang, Subrahmanyam, and Yu (1996) use the Richardson extrapolation
method to tackle this difficulty. They only calculate a few points on an
approximation to the exercise boundaryBt . A sequence of approximate
values of the option is obtained and then extrapolated to yield the value of
PA. To generate the approximate sequence, they evaluate the integrals in
Equations (1) and (2) by approximating the integrands as step functions. This
approximation amounts to the assumption that these integrands have no time
dependence during each sub-interval. Approximating the integrands as step
functions is obviously not very accurate. To improve accuracy, extrapolation
is needed.

However, there is a special feature in Equation (1) which to our knowl-
edge has not been utilized in the literature. Note thatBt appears only as
log(S/Bt ) in the definitions ofd1(·, ·, ·) andd2(·, ·, ·). Therefore the inte-
gral in Equation (1) does not depend on the exact values ofBt critically. To
make use of this property, instead of assuming everything to be a constant
during each subinterval, we only assume thatBt is an exponential function
during each subinterval. Fortunately the integrals in Equations (1) and (2)
can then be evaluated in closed form. Since the integral does not depend
on Bt critically and the other time dependencies are integrated analytically,
our approximation results in a very simple, accurate, and fast method.
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It should be pointed out that Omberg (1987) has also used an exponential
early exercise boundary to price American options but in a different way.
Because he does not use the optimal boundary, his method always under-
prices the options. On the other hand, we use the exponential boundary as a
calculating device to evaluate the premium integral in an exact formulation.
There is no inherent underpricing in our use of the exponential boundary.
As a matter of fact, Broadie and Detemple (1996) prove that a certain ap-
proximate early exercise boundary in the integral representation method
yields an upper bound for the option price. It should also be noted that a
multipiece exponential boundary presents no problem in our application,
but the first passage time problem in Omberg (1987) is probably impossible
analytically.

AssumeBt to be an exponential functionB exp(bt) for the interval [t1, t2].
Consider the integral

I1 =
∫ t2

t1

re−r t N(d2(S, Bebt, t))dt. (3)

Definex1 = (r − δ−b−σ 2/2)/σ , x2 = log(S/B)/σ . Thend2(S, Bt , t) =
x1t1/2+ x2t−1/2. Integration by parts yields

I1 = −e−r t N(x1t1/2+ x2t−1/2)|t2t1

+
∫ t2

t1

e−r t n(x1t1/2+ x2t−1/2)
(x1

2
t−1/2− x2

2
t−3/2

)
dt

= e−r t1 N(x1t1/2
1 + x2t−1/2

1 )− e−r t2 N(x1t1/2
2 + x2t−1/2

2 )

+ e−x1x2

√
2π

∫ t2

t1

e−
1
2 ((x

2
1+2r )t+x2

2 t−1)
(x1

2
t−1/2− x2

2
t−3/2

)
dt

= e−r t1 N(x1t1/2
1 + x2t−1/2

1 )− e−r t2 N(x1t1/2
2 + x2t−1/2

2 )

+ e−x1x2

√
2π

∫ t2

t1

e−
1
2 (x

2
3 t+x2

2 t−1)
(x1

2
t−1/2− x2

2
t−3/2

)
dt, (4)

wherex3 =
√

x2
1 + 2r . The above integral can be evaluated analytically by

making use of the following identities:

d N(x3t1/2+ x2t−1/2) = e−x3x2

√
2π

e−
1
2 (x

2
3 t+x2

2 t−1)
(x3

2
t−1/2− x2

2
t−3/2

)
,

d N(x3t1/2− x2t−1/2) = e−x3x2

√
2π

e−
1
2 (x

2
3 t+x2

2 t−1)
(x3

2
t−1/2+ x2

2
t−3/2

)
.
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It is now straightforward to show that

I1 = e−r t1 N

(
x1
√

t1+ x2√
t1

)
− e−r t2 N

(
x1
√

t2+ x2√
t2

)
+ 1

2

(
x1

x3
+ 1

)
ex2(x3−x1)

×
(

N

(
x3
√

t2+ x2√
t2

)
− N

(
x3
√

t1+ x2√
t1

))
+ 1

2

(
x1

x3
− 1

)
e−x2(x3+x1)

×
(

N

(
x3
√

t2− x2√
t2

)
− N

(
x3
√

t1− x2√
t1

))
. (5)

If we definey1 = (r − δ − b + σ 2/2)/σ , y2 = log(S/B)/σ , and y3 =√
y2

1 + 2δ, a similar derivation would yield

I2 =
∫ t2

t1

δe−δt N(d1(S, Bebt, t))dt

= e−r t1 N

(
y1
√

t1+ y2√
t1

)
− e−r t2 N

(
y1
√

t2+ y2√
t2

)
+1

2

(
y1

y3
+ 1

)
ey2(y3−y1)

(
N

(
y3
√

t2+ y2√
t2

)
− N

(
y3
√

t1+ y2√
t1

))
+1

2

(
y1

y3
− 1

)
e−y2(y3+y1)

×
(

N

(
y3
√

t2− y2√
t2

)
− N

(
y3
√

t1− y2√
t1

))
. (6)

Finally, if we define

I (t1, t2, x, y, z, φ, ν)

= e−νt1 N

(
z1
√

t1+ z2√
t1

)
− e−νt2 N

(
z1
√

t2+ z2√
t2

)
+ 1

2

(
z1

z3
+ 1

)
ez2(z3−z1)

(
N

(
z3
√

t2+ z2√
t2

)
− N

(
z3t1/2

1 +
z2

t1/2
1

))

+ 1

2

(
z1

z3
−1

)
e−z2(z3+z1)

(
N

(
z3
√

t2− z2√
t2

)
−N

(
z3
√

t1− z2√
t1

))
, (7)
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where

z1 = r − δ − z+ φσ 2/2

σ
,

z2 = log(x/y)

σ
,

z3 =
√

z2
1 + 2ν,

then I1 and I2 can be expressed neatly as

I1 = I (t1, t2, S, B,b,−1, r ), (8)

I2 = I (t1, t2, S, B,b,1, δ). (9)

If we defineP1, P2, P3, etc., as the approximate option values corresponding
to approximating the early exercise boundary as a one-piece exponential
function (B11eb11t ), a two-piece exponential function (B22eb22t , B21eb21t ),
and a three-piece exponential function (B33eb33t , B32eb32t , B31eb31t ), etc.,4

then theP’s are given by

P1 =


PE + K (1− e−rT )− S(1− e−δT )
−K I (0, T, S, B11,b11,−1, r )
+SI(0, T, S, B11,b11,1, δ) if S> B11,

K − S if S≤ B11.

(10)

P2 =



PE + K (1− e−rT )− S(1− e−δT )
−K I (0, T/2, S, B22,b22,−1, r )
+SI(0, T/2, S, B22,b22,1, δ)
−K I (T/2, T, S, B21,b21,−1, r )
+SI(T/2, T, S, B21,b21,1, δ) if S> B22,

K − S if S≤ B22.

(11)

P3 =



PE + K (1− e−rT )− S(1− e−δT )
−K I (0, T/3, S, B33,b33,−1, r )
+SI(0, T/3, S, B33,b33,1, δ)
−K I (T/3,2T/3, S, B32,b32,−1, r )
+SI(T/3,2T/3, S, B32,b32,1, δ)
−K I (2T/3, T, S, B31,b31,−1, r )
+SI(2T/3, T, S, B31,b31,1, δ) if S> B33,

K − S if S≤ B33.

(12)

OtherP’s follow similar patterns.

4 The intervals are divided into equal subintervals. For example, if the early exercise boundary{Bt } is
approximated by a two-piece exponential function, thenBt = B22eb22t if t ∈ [0, T/2), andBt = B21eb21t

if t ∈ [T/2, T ].
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To determine theB’s andb’s, we apply the “value-match” and “high-
contact” conditions. For example, to determineB21 andb21, applying the
value-match and high-contact conditions att = T/2 yields

K − B21e
b21T/2 = PE(B21e

b21T/2, K , T/2)+ K (1− e−rT/2)

− B21e
b21T/2(1− e−δT/2)

− K I (0, T/2, B21e
b21T/2, B21e

b21T/2,b21,−1, r )

+ B21e
b21T/2I (0, T/2, B21e

b21T/2, B21e
b21T/2,b21,1, δ),

(13)

−1 = −e−δT/2N(−d1(B21e
b21T/2, K , T/2))− (1− e−δT/2)

− K IS(0, T/2, B21e
b21T/2, B21e

b21T/2,b21,−1, r )

+ I (0, T/2, B21e
b21T/2, B21e

b21T/2,b21,1, δ)

+ B21e
b21T/2IS(0, T/2, B21e

b21T/2, B21e
b21T/2,b21,1, δ). (14)

Similarly, to determineB22 andb22, applying the value-match and high-
contact conditions att = 0 yields

K − B22 = PE(B22, K , T)+ K (1− e−rT )− B22(1− e−δT )
− K I (0, T/2, B22, B22,b22,−1, r )

+ B22I (0, T/2, B22, B22,b22,1, δ)

− K I (T/2, T, B22, B21,b21,−1, r )

+ B22I (T/2, T, B22, B21,b21,1, δ), (15)

−1 = −e−δT N(−d1(B22, K , T))− (1− e−δT )
− K IS(0, T/2, B22, B22,b22,−1, r )

+ I (0, T/2, B22, B22,b22,1, δ)

+ B22IS(0, T/2, B22, B22,b22,1, δ)

−K IS(T/2, T, B22, B21,b21,1, δ)

+ I (T/2, T, B22, B21,b21,1, δ)

+ B22IS(T/2, T, B22, B21,b21,1, δ). (16)

The functionIS(· · ·) is defined by

IS(t1, t2, S, B,b, φ, ν)

= ∂ I

∂S
=
(

e−νt1
√

t1
n

(
z1
√

t1+ z2√
t1

)
− e−νt2
√

t2
n

(
z1
√

t2+ z2√
t2

))
1

σS

+ 1

2σS
ez2(z3−z1)

(
N

(
z3
√

t2+ z2√
t2

)
−N

(
z3t1/2

1 +
z2

t1/2
1

))
(z3−z1)
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+ 1

2σS
ez2(z3−z1)

(
n

(
z3
√

t2+ z2√
t2

)
1√
t2

−n

(
z3t1/2

1 +
z2

t1/2
1

))
1√
t1

))

− 1

2σS
e−z2(z3+z1)

(
N

(
z3
√

t2+ z2√
t2

)

− N

(
z3t1/2

1 +
z2

t1/2
1

))
(z3+ z1)

− 1

2σS
e−z2(z3+z1)

(
n

(
z3
√

t2+ z2√
t2

)
1√
t2

− n

(
z3t1/2

1 +
z2

t1/2
1

))
1√
t1

))
. (17)

The B’s and b’s can be easily and quickly obtained using the two-
dimensional Newton-Raphson method [for a good reference, see Press et al.
(1992)]. To findB11 andb11, the approximation of MacMillan (1986) and
Barone-Adesi and Whaley (1987) provides a good initial estimate forB11,
and 0 provides a good initial estimate forb11. OnceB11 andb11 are found,
they provide good initial estimates for findingB21 andb21, respectively. To
find B22 andb22, B21 andb21 are good initial estimates.

For readers who may want to implement this method, some numerical
numbers may help. Take, for example, the first option in Table 2. Estimate
of B11 by the approximation of MacMillan (1986) and Barone-Adesi and
Whaley (1987) is 52.452. Using 52.452 and 0 as the initial estimates for
B11 andb11, they are found to be 54.457 and 0.036, respectively. Using
54.457 and 0.036 as the initial estimates forB21 andb21, they are found to
be 52.389 and 0.061, respectively. Finally, using 52.389 and 0.061 as the
initial estimates forB22 andb22, they are found to be 54.453 and 0.0307,
respectively. The corresponding values ofB31 andb31, B32 andb32, andB33
andb33 are found to be 50.868 and 0.075, 53.705 and 0.045, 54.452 and
0.029, respectively. Once theB’s andb’s are obtained,P1, P2, andP3 can
be easily obtained using Equations (10), (11), and (12). For this particular
example, it is noted that all the initial estimates are close to their convergent
values. Therefore, few iterations of the Newton-Raphson method are needed
to obtain each pair of theB’s andb’s. This behavior is generally true and is
the reason that our method is very fast.

In cases where the difference between the exercise boundary at maturity,
which isBT = min(K , Kr/δ) for an American put, and the initial estimate
for B11 using the MacMillan (1986) and Barone-Adesi and Whaley (1987)
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approximation is smaller than 5% ofBT , the early exercise boundary will
be very flat. In this case, we recommend replacing the multipiece expo-
nential functions by the multipiece constants (a step function). That is, in
the Newton-Raphson search, the exponents are initialized to zero and not
updated. This is to ensure the convergence of the Newton-Raphson method
in the extreme case that the early exercise boundary is very flat. Five percent
is only suggestive. We have tested other smaller numbers, like 1%. They
have all worked well in our test.

In this article, we recommend a three-point Richardson scheme to price
American options. IfP1, P2, andP3 are the values given in Equations (10),
(11), and (12), then the American put price is approximated by

P̂A = 4.5P3− 4P2+ 0.5P1.

We demonstrate in the following section that this results in a very accurate
and fast method for pricing American options. In fact, we also demonstrate
that even the unextrapolated values ofP1, P2, andP3 are very good approxi-
mate values for the true American option prices. This of course confirms our
argument that the true values do not depend on the exact values of the early
exercise boundary critically. To show the rate of convergence, the two-point
and four-point Richardson schemes are also included in the large sample
test in Table 3.

Before we leave this section, we point out that our method applies equally
well to other nonstandard American options when the early exercise pre-
mium can be represented as integrals involving the cumulative normal func-
tion. One particular example is the American barrier option. In the setting of
this section, Gao, Huang, and Subrahmanyam (1996) have derived analyti-
cal formulas for American barrier options. For example, when the dividend
yield is zero, the price of an American “up-and-out” put option is given by

Puo
A = Puo

E +
∫ T

0
e−r t r K [N(−d2(S, Bt , t)

− (H/S)2λ−2N(−d2(H
2/S, Bt , t))]dt, (18)

where

Puo
E = PE(S, K )− (H/S)2λ−2PE(H

2/S, K )

is the price of a European “up-and-out” put option, andPE is the Black-
Scholes formula for standard European put options,H is the barrier, and
λ = (r + σ 2/2)/σ 2. The form of the above formula is very similar to
Equation (1), and therefore our method of approximating the early exercise
boundary as a multipiece exponential function easily applies. Gao, Huang,
and Subrahmanyam (1996) have also derived formulas when the dividend
yield is not zero and for other types of American barrier options. But all
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those formulas have forms similar to that of Equation (18), therefore, our
method applies to the nonzero dividend case and other types of American
barrier options too.

2. Numerical Results and Discussions

In this section we report numerical results to demonstrate the speed and
accuracy of our approximation scheme. We compare our two-point, three-
point, and four-point multipiece exponential function methods (hereafter
EXP2, EXP3, and EXP4) with an 800-time-step binomial tree model (here-
after BT800), the four-point extrapolation scheme of Geske and Johnson
(1984) (hereafter GJ4), the modified two-point Geske and Johnson method
of Bunch and Johnson (1992) (hereafter MGJ2), the four-point and six-
point recursive methods of Huang, Subrahmanyam, and Yu (1996) (here-
after HSY4 and HSY6), the four-point and six-point randomization meth-
ods of Carr (1997) (hereafter RAN4 and RAN6), and the lower and upper
bound approximation of Broadie and Detemple (1996) (hereafter LUBA).
In Table 3 we also compare the binomial Black and Scholes method with
Richardson extrapolation of Broadie and Detemple (1996) withN = 25
and N = 50 (hereafter BBSR25 and BBSR50).5 BBSR25 means that the
price is approximated by 2P2−P1, whereP1 andP2 are computed using the
BBS method of Broadie and Detemple (1996) withN = 25 andN = 50,
respectively. BBSR50 has a similar interpretation.

To assess the accuracies of these methods, we choose a binomial model
with N = 10,000 time steps as our benchmark for the true values of the
options considered. We use the root of mean squared errors (RMSE) to
measure the overall accuracy of the options in Tables 1 and 2. More error
measures are included in the large sample test in Table 3. The computational
speed is measured using the total CPU time (in seconds) required to price
the whole set of the options considered. We follow Bunch and Johnson
(1992) in the implementation of MGJ2. A more sophisticated optimization
routine is not likely to affect the speed and accuracy significantly. GJ4 is not
included in Table 3 for the large sample test since it is too slow. However,
it is reasonable to assume that it is much slower than MGJ2.

To test the accuracies of these methods for short and moderate maturity
options, Table 1 reports the results for the 20 options in Table 1 in Broadie
and Detemple (1996). To test the accuracies of these methods for longer
maturity options, Table 2 reports the results for the 20 options in Table V
in Barone-Adesi and Whaley (1987).6 From these tables it is clear that the

5 BBSR25 and BBSR50 are not included in other tables due to space limitation.
6 The first five options in Table 2 have parameters beyond the optimal parameter range for LUBA. Never-

theless, LUBA has priced these five options accurately. Inclusion of these five options should not have
affected RMSE of LUBA. This comment also applies to Table 5.
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performance of EXP3 is truly amazing. Its RMSE is only 0.0013 cents in
Table 1, and 0.0023 cents in Table 2.

In order to have a more complete assessment concerning the accuracy
and speed of these methods except GJ4, which is too slow, and BBSR25,
BBSR50, EXP2, and EXP4, Table 3 reports the results from 1250 randomly
generated American put options. The parameters are generated as follows:
volatility σ is uniform between 0.1 and 0.6; time to maturityT is uniform
between 0.0 and 3.0 years; the strike price is fixed atK = 100.0; current
stock priceS is uniform between 70.0 and 130.0; both the riskless interest
rate and the dividend yield are uniform between 0.0 and 0.1. These values
represent a wide range of parameter values. The maximum error of EXP3
is not only less than 1 cent for the 40 options in Tables 1 and 2, it is also
less than 1 cent for the 1250 options in Table 3. BT800 and EXP4 are the
only other methods whose maximum error is less than 1 cent for the 1250
options considered in Table 3. All other methods have multiple occurrences
with pricing errors equal to or greater than 1 cent. Table 3 also shows that
the multipiece exponential boundary method converges very quickly. Even
though EXP4 is included in Table 3, it seems that it may never be needed
since EXP3 is already an extremely accurate method. On the other hand,
EXP2 may be acceptable in many applications. Nevertheless, since EXP3
is so fast that it can be used in most situations. Even though BBSR25
and BBSR50 are quite simple, they are quite accurate and fast. When the
requirement of accuracy is not too stringent, BBSR could be the choice of
method in many applications because it is simple, fast, and easy to program.
In light of the tests in Tables 1, 2, and 3, EXP3, LUBA, and RAN6 are all
extremely fast and accurate methods for pricing American options.

Overall, BT800, EXP3, LUBA, and RAN6 appear to have about the
same accuracies. Obviously MGJ2 is the least accurate method. Even for
the relatively short maturity options in Table 1, the pricing errors of MGJ2
are quite substantial. HSY4 and HSY6 appear to be dominated by EXP3,
LUBA, and RAN6 in terms of speed and accuracy.

To understand better why EXP3 works so well, Table 4 considers the
convergent behavior of the unextrapolated values of the approximate op-
tion prices. From the table, it is not difficult to see the reason. Even the
unextrapolated values EXP-P1, EXP-P2, and EXP-P3 are quite close to the
true option prices. Specifically, the one-point unextrapolated value EXP-P1
is much more accurate than the six-point unextrapolated values HSY-P6
and RAN-P6. As a matter of fact, EXP-P1 is only slightly less accurate
than the six-point extrapolated value HSY6 for this set of options. Even for
these long maturity options, the unextrapolated values EXP-P1, EXP-P2,
and EXP-P3 are quite acceptable for many applications. Again, this be-
havior confirms the observation that the early exercise premium does not
depend on the early exercise boundary critically. Since the other time de-
pendencies are integrated analytically, very good approximate values are
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obtained. This is the key insight of this article. On the other hand, even the
six-point unextrapolated values HSY-P6 and RAN-P6 have huge pricing
errors.

Table 5 considers the accuracies of these methods for calculating the
hedging ratio1. To compute1 using the binomial tree model, we use the
extended tree method described in Pelsser and Vorst (1994). Even though
it is possible to derive analytical formulas of the1 for the other methods,
a numerical derivative is used. We point out that this does not increase
the computing time significantly because the approximate early exercise
boundary does not change when the stock price changes. Accuracy of the
numerical derivative is checked by changing the step size and found to be
very accurate. The general behavior concerning the prices also holds here for
the hedging ratios. BT800, EXP3, LUBA and RAN6 all provide accurate
hedging ratios. It should be noted that even though LUBA, RAN6, and
EXP3 have similar accuracies for option prices, the RMSE of the hedging
ratios of LUBA in Table 5 is more than 10 times that of RAN6 and EXP3.
The reason is probably that LUBA is optimized for the best performance for
option prices, not for hedging ratios. This points out a potential disadvantage
of methods based on regression techniques.

To have some indication how the multipiece exponential boundary com-
pares with the approximation to the true early exercise boundary, Figure 1
shows the one-piece, two-piece, and three-piece exponential boundaries and
the approximate early exercise boundary. Parameters in Figure 1 correspond
to options 11–15 in Table 2. Overall the multipiece exponential boundaries
are not very close to the approximation boundary. Nevertheless, Table 2
reveals that EXP3 has priced these options quite accurately. Therefore this
confirms our intuition that a very accurate estimate of the early exercise
boundary is not required for pricing an American option accurately. For the
parameters used in Figure 1, the multipiece exponential boundary is quite
linear during each subinterval. Nevertheless, a multipiece linear boundary
is not recommended because the resulting early exercise premium integral
cannot be evaluated analytically.

3. Concluding Remarks

We have proposed a fast and accurate approximation for pricing American
options. Our approximation is based on the observation that the early ex-
ercise premium does not depend on the exact values of the early exercise
boundary critically. This insight allows us to approximate the early exercise
boundary as a multipiece exponential function. Because the resulting inte-
gral of the early exercise premium can be evaluated analytically, a fast and
accurate approximation is obtained. Numerical results show that our ap-
proximation based on a three-point extrapolation scheme has the accuracy
of an 800-time-step binomial tree model, but is about 130 times faster.
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Pricing an American Option by Approximating Its Early Exercise Boundary

Figure 1
The approximate early exercise boundary versus multipiece exponential boundary for a put. Parameters
used:K = 100,T = 3 (years),σ = 0.2, r = 0.08,δ = 0.04. The solid line is the approximation to the
true early exercise boundary using the finite-difference method. The dotted lines represent the one-piece,
two-piece, and three-piece exponential boundary, respectively.

Even though we have only discussed standard American stock options,
our approximation obviously applies to other standard American options
such as futures options, quanto options, index options, and currency options.
It is also worthwhile to point out that the present approximation applies
equally well to other nonstandard American options when the early exercise
premium can be represented as integrals involving the cumulative normal
function. One particular example is the American barrier option.
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