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Pricing Asian and Basket Options Via Taylor Expansion

Abstract

Asian options belong to the so-called path-dependent derivatives. They are among
the most difficult to price and hedge both analytically and numerically. Basket op-
tions are even harder to price and hedge because of the large number of state variables.
Several approaches have been proposed in the literature, including Monte Carlo simula-
tions, tree-based methods, partial differential equations, and analytical approximations
among others. The last category is the most appealing because most of the other meth-
ods are very complex and slow. Our method belongs to the analytical approximation
class. It is based on the observation that though the weighted average of lognormal vari-
ables is no longer lognormal, it can be approximated by a lognormal random variable
if the first two moments match the true first two moments. To have a better approx-
imation, we consider the Taylor expansion of the ratio of the characteristic function
of the average to that of the approximating lognormal random variable around zero
volatility. We include terms up to ¢% in the expansion. The resulting option formulas
are in closed form. We treat discrete Asian option as a special case of basket options.
Formulas for continuous Asian options are obtained from their discrete counterpart.
Numerical tests indicate that the formulas are very accurate. Comparisons with all
other leading analytical approximations show that our method has performed the best
overall in terms of accuracy for both short and long maturity options. Furthermore,
unlike some other methods, our approximation treats basket (portfolio) and Asian op-
tions in a unified way. Lastly, in the appendix we point out a serious mathematical
error of a popular method of pricing Asian options in the literature.



1 Introduction

Asian options belong to the so-called path-dependent derivatives. They are among the most
difficult to price and hedge both analytically and numerically. Several approaches have
been proposed in the literature. Since Boyle (1977) introduces it to the finance literature
for option pricing, Monte Carlo simulation has been used by many authors. Kemna and
Vorst (1990) use Monte Carlo simulation to price and hedge Asian options. For more recent
development in simulation methods, see Broadie and Glasserman (1996) and Boyle, Broadie
and Glasserman (1997). Although Monte Carlo simulation is a very flexible method for
pricing path-dependent European options, it is very time-consuming.

By making a change of variables, Ingersoll (1987) and Wilmott, Dewynne, and Howison
(1993) reduce the two-dimensional partial differential equation (PDE) satisfied by the price
of a floating strike Asian option into a one-dimensional one. Rogers and Shi (1995) succeed
doing the same for the fixed strike counterpart. This is a tremendous reduction of complexity
in terms of computation. But the resulting PDE still requires numerical solutions. Based
on the reduced one dimensional PDE, Zhang (2000) first derives an approximate formula for
the Asian options. He then obtains the PDE for the difference between the true price and his
approximate formula. He solves the PDE numerically. Zhang indicates that his analytical
approximation coupled with his PDE achieves accuracy of the order of 10~° for a wide range
of parameters. Besides deriving a one dimensional PDE; Rogers and Shi (1995) also derive
bounds of the Asian option prices. Recently, Thompson (1999) has improved upon their
bounds. However, to obtain the bounds requires two-dimensional integrations. Another
very accurate PDE based method is Hoogland and Neumann (2000). By working with only
tradable assets, they obtain a PDE with no drift term. Solving such a PDE numerically is

much easier because one does not have to deal with whether the PDE is of hyperbolic type



or parabolic type.

Some other numerical methods include Hull and White (1993), Klassen (2000), Dewynne
and Wilmott (1993) and Carverhill and Clewlow (1990). Hull and White (1993) and Klassen
(2000) extend the binomial tree approach for pricing path-dependent options. They use a
vector to hold the average rates at each node of the tree. Dewynne and Wilmott (1993)
apply a similar idea to the PDE approach for pricing Asian options. Carverhill and Clewlow
(1990) use the convolution method repeatedly to obtain the density function of the average
rate in an Asian option. Even though these methods are simple to apply, they are all time-
consuming. An exception is the Fast Fourier transformation method Carr and Madan (1999)
when the characteristic function of the return is known analytically.

Our method belongs to the class of analytical approximations. Jarrow and Rudd (1982)
seem to be the first to introduce the idea of Edgeworth expansion into the finance literature.
Both Turnbull and Wakeman (1991) and Ritchken, Sankarasubramanian and Vijh (1993)
use an Edgeworth series expansion to approximate the density function of the average rate.
They obtain closed form formulas for the Asian options. Levy (1992) uses the lognormal
density as a first-order approximation to the true density.! We demonstrate in section 3 that
the lognormal approximation and the Edgeworth expansion method work fine for short ma-
turities. However, for longer maturities these approximations cease to be reliable. Another
analytical method is Geman and Yor (1993). They obtain a semi-analytical formula for the
price of an Asian option using the Laplace transformation technique. Their analytical result
is quite elegant, but it is a very difficult numerical problem to invert the Laplace trans-
formation, see, for example, Fu, Madan and Wang (1999). For the latest development of
the Laplace transformation approach, see Carr and Schréder (2001). Milevsky and Posner
(1998a) approximate the density of the average rate with a reciprocal gamma distribution

by matching the first two moments. Numerical evidences indicate that their approximation



and that based on lognormal approximation have about the same level of accuracy, though it
appears that the former is slightly more accurate. Posner and Milevsky (1998) and Milevsky
and Posner (1998b) approximate the density function from the Johnson (1949) family by
matching the first four moments. Our test indicates that their four-moment method outper-
forms all other existing approximations. However, it is not very accurate for long maturities
Asian and basket options. Curran (1994) derives a pricing formula for Asian options by
conditioning on the geometric mean. However, his formula also seems not to work well for
basket options. Dufresne (2000) uses a Laguerre series to approximate Asian option prices,
but his method fares poorly for short maturity options.

In light of the drawbacks of the other analytical methods, a reliable and simple analytical
approximation is obviously highly desirable. We provide such an approximation in the next
section. In section 3 we demonstrate that it is very accurate for a wide range of parameters
for fixed strike European Asian and basket options. Our method develops a Taylor expansion
around zero volatility. For more expansion methods, see Kunitomo and Takahashi (2001)
and Reiner, Davydov and Kumanduri (2001).

The layout of the remainder of the article is as follows. The details of the analytical
approximation are presented in section 2. Section 3 presents comparisons with all other
leading analytical methods. It is demonstrated there that among the analytical methods,
the present one is by far the most accurate. We conclude in section 4. In the appendix we

point out a serious mathematical error in the Edgeworth expansion method in the literature.

2 Derivation of the Approximation

Even though the average of correlated lognormal random variables is no longer lognormally
distributed, Levy (1992) demonstrates that lognormal distribution is a good approximation,

especially for small maturities. To have a better approximation, we use Taylor expansion



around zero volatilities to approximate the ratio of the characteristic function of the average
to that of the approximating lognormal variable. This method is in spirit very similar to the
perturbation method widely used in other disciplines, where an intractable problem is solved
by approximating the solution around some small parameters. We consider the derivation
in detail only for the basket options since Asian options can be treated as a special case in
our method. Basket options are challenging because they can not be priced using the usual
numerical methods like the partial differential equation (PDE) or the tree approach since
the number of state variables may be too large. If the number of assets is small, the tree

approach of Boyle, Evnine and Gibbs (1989) can be used.

2.1 Approximation for the Basket Options

We consider the following standard N-asset economy under the risk-neutral measure,?

S’L(t) = Sie(giig?/2)t+oiwi(t)7 1= 17 27 e 7N7 (1)

where g; = 7 —;, r is the riskless interest rate, ¢; the dividend yield, o; the volatility, w; () a
standard Wiener process. Let p;; denote the correlation coefficients between w;(t) and w;(t).

At first glance it may seem that a method of Taylor expansion around zero volatilities
does not apply because the volatility is different for each stock. We can overcome this
difficulty by considering a fictitious market where all the individual volatilities are scaled by

the same parameter z,
Si(z,t) = Selo==oi/Dtzow® i —1.2,... N, (2)

Note that when z = 1, we recover the original processes.

Define

N N
A(z) = ZXiSi(Za T) = Z XiSie(gi_Z%iQ/z)Teriwi(T)> (3)
=1

=1



where y; is the weight on stock 7. The terminal payoff of a basket option is then given by
(for a basket call)

BC(T) = (A(1) = K)*, (4)

where K is the strike price.
For simplicity, define S; = x;5;e%” and pi; = pijoio;T. The first two moments of A(z)

are easily shown to be
U = Y Si=A0), (5)
N .
V() = 3 55,77, (6)

Let Y(z) be a normal random variable with mean m(2?) and variance v(2?). Matching

the first two moments of e¥'(*) with those of A(z) we have

m(z*) = 2logU; — 0.51log Us(2?), (7)

v(z?) = logUy(2?) — 2log Uy. (8)

Let X (z) = log(A(z)). We will try to find the density function of X (z). To this end we

consider its characteristic function,

E[#X0)] = E[eiW(Z)]m = B[V f(2), 9)

where

B[V ()] = iéml=)—¢2(2)/2

is the characteristic function of the normal random variable and

E [€i¢>X(z)]

7 z —igpm(22 2u (22
(2) = Favy = EleeXClemiomeeenys



is the ratio of the characteristic function of X (z) to that of Y(2).
We expand f(z) around z = 0 up to 2°.3 First, we expand e~iom(z)+¢*v(z")/2  Note that

v'(2%) = —2m/(2%).* Therefore we have

o~ im(2)+6%0(2%)/2 oy o—i¢m(0)+67v(0)/2—(i¢+67)m’ (0)2% —(ip+¢%)m” (0)2* /2—(ip+¢*)m P (0)2/6

e OO (1 — (i + ¢%)ar + ((id + ¢°)a — (i + ¢”)az) /2 +

(3(i¢p + ¢°)*arag — (id + ¢*)as — (i¢ + ¢*)°a?) /6), (10)
where
_ 2 1 o _Z2U£<O)
w@) = (o) =~
4U// O
as(z) = z'm”(0) =243 — Z2U22((0>>,
(3)
(13(2) = Z6m(3)(0) = 6aiay — 4@? — Z(;gz(é;)),
and
N [
U(0) = Z iPj>
ij=1
N [
Us(0) = > SiSi(pij),
ij=1
JN B
Uy(0) = > 8:iS;(piy)?,
ij=1
N [ —
U (0) = ) iSi(pij)°.

-
<
Il

—

The derivatives of Uy (z?) are with respect to z? because Us(2?) is a function of 22
Now we approximate g(z) = E[e*X)]. Differentiating g(z) twice yields
A//(Z)

9P(2) = B |9 ((ig + ") X?(2) + i0 A0 )| (11)
It can be easily checked that
A"(0
Bl =0
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and

PEXO)] = 557 FA O] = 201 (2)
Therefore
2229(2)(0) _ €i¢X(0)<Z¢+ ¢2)a1(2)' (12)

Differentiating g(z) four times we have

B9 = B[O (0~ (0~ Dio-+ #)Xe) — 00 - Do+ )7y T
“stio+ o) (55 4t B e )] . (13)
Straightforward calculation shows that
Since X’(0) is normally distributed with mean zero,
ZAE[X"(0)] = 2*3(E[X"?(0)])* = 1241 (2).
Therefore
Z000) = O (ig—3)(ig — 20+ 6)ad()/2 -
(16— 2)(i6 + 69 (2) — (i + 6*)a(2)) (14
where
h() = o EAOAT0)
hE) = g PAO= ) = ) - Jaala)
and



The derivatives of A(z) are with respect to z.

Differentiating g(z) six times we have

99(z) = B[P (—(ip —5)(ip — 4)(i¢ — 3)(ip — 2)(ip + ¢*) X (z) —

15(i6) — 4)(i6) — 3)(i6) — 2)(i0> + >”(A;'“
b — 3)(id — N (s oy e A (2) 02 A"(2) 1 AB()A®(z)
(i¢ — 3)(1¢ — 2)(id + ¢7)(45( ())( ()) +20 AT(2) )
b 9\(i oy A2) 0 AW (2) A'(2)A"(2) AP (2) A"(2) 5
: oy A (2) AP (2) AB)(2) A"(2) AW (2) Z.A“")(Z)
(i¢ + ¢*)(6 0 + 10( e 2 +15 0 a0) ). (15)
It is easy to check that
AZ(0)AD(0), A(0)AD(0), A"(0)AD(0), A©(0),
e " e 7Y e T P 0
and
SE[X(0)] = 2°15(E[X"*(0)])? = —120a3(2).
Therefore
ZL000) = O (ig5)(i6 — (i 3)(i6 — (io + ¢7)(~ L)

—(i¢ — 4)(i¢ — 3)(i¢ — 2)(i¢ + ¢")ea(2) — (i¢ — 3)(i¢ — 2)(id + ¢”)ca(2)

(6 - 210+ )ex(2) — 19+ 6P)es(2), (16
where
4D = s EAOAT0) =~ )
a0) = T A OA0)] + 4B 04V )
4D = o LEAOA0)A90)] + BAPO),
) =y PO = T O e Zaite) - Lty



and

N
E[A2(0)A™(0)] =8 Y SiS;SkSipupjin + 2Us(0)Uy (0),
i k=1
14 N [ — — —
E[A®(0)A( Z SiSiSkSIPuPjI Pk,
. -
[A'(0)A"(0)A =6 Y SiS;Skhikbi
k:

N
E[Aﬂs(o)] = Z Si5SkPij Dik Dk
Jjk=

Finally, we have®
2 1 6

9(2) = 9(0) + S9"(0) + 529 (0) + =9 (0), (7)

where ¢(0) = X If we multiply (10) and (17), we have (up to terms with 2%) the ratio

of the characteristic function of X (z) to that of Y (z) given by

f(2) =1 —igdi(2) — $*da(2) + i¢’ds(2) + ¢'da(2), (18)
where
di(z) — ;(6(13(2) +ag(z) — dby(2) + 2ba(2)) — é(lZOa?{(z) —as(2) +
6(24c1(z) — 6c2(2) + 2¢3(2) — ca(2))), (19)

do(z) = ;(mai(z) + as(2) — 6b1(2) + 2ba(2)) — (12803(2) /3 — as(2) /6 +
2a1(2)b1(2) — ax(2)ba(2) + 50¢1(2) — Tles(2) + 3es(2) — ea(2), (20
dy(z) = (2a2(2) — bu(2)) — ?1)(88a:{’(z) 4 3a1(2) (51 (2) — 2ba(2)) +
3(3501(2) — Gea(2) + ¢5(2)). (21)

dy(z) = (=20a3(2)/3 4 ay(2)(—4bi(2) + by(2)) — 10c1(2) + c2(2)). (22)

Note that X (0)=i¢m(0)+¢*0(0)/2 — 1 has been used.
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Finally E[e*X()] is approximated by®
E[e?X W] a2 iomW=0"vW2(1 _ g, (1) — $Pdy(1) + i¢*ds(1) + ¢ dy(1)), (23)

and the density function of X (1) by’

1 o0 - . 2
W) = oo [ e SR i, (1) - 2y (1) + i67ds(1) + 6'da(1))do
d d? d? d*
= plz) + (dl(l)% + dz(l)@ + d3(1)$ + d4(1)@)p(x), (24)
where
(@) = = / * pissriom(-gro/2gy L e
21T J -0 27’(1)(1)

is the normal density with mean m(1) and variance v(1).

The price of a basket call is then given by

BC = e[ - K|t = [Uie 7T N(y1) — Ke " N(yo)] +

le_’"TK (zlp(y) + 29 d];(yw + 23 deZ(Qy)ﬂ : (25)
where
y=log(K), 1= ml) —y +/v(1), 2=y —/v(1),
v(1)

and z; = dy(1) — d3(1) + da(1), 20 = d3(1) — dy4(1), 23 = dy(1). Note that di(1) — do(1) +
d3(1) — d4(1) = 0 has been used. The terms inside the first pair of square brackets give the
price of the Levy (1992) approximation. The terms inside the second give the corrections.
Note that (25) is in closed form and very simple.

The hedging ratio of a basket call is easily shown to be given by

d*p(y) L d3p(y)>
dz3 |-

+ 29

OBC U, e TK B dp(y)
Yde dz?

Apc = = N(y1) — 5

S T (26)

10



The price of a basket put and its hedging ratio are given below by the call-put parity,

BP = ¢ "TK — 6—7“ng1 + BC,

App = —g =Apc—e

2.2 The Efficiency of the Approximation

Before we consider the Asian options in the next subsection, we comment on the efficiency
of the proposed method. It appears that to obtain cy(1), it involves O(N?) calculations. If
N is small, it poses no computational difficulty. However, if N is over 100, like for the S&P
500 index, N4 will be huge. Fortunately, the method is really an N3 algorithm.

To reduce the dimensionality of the problem, we note the following. If we define

Ay = Z SiDin (27)
then
BLA0)A"(0)] = 23 542 29

Therefore to obtain b;(1), only O(N?) calculations are performed, though it appears that
O(N?) are needed. Similarly,

A SkplelAl + 2U/ (O)U;(O), (29)

hE

E[A%(0)A™(0)] =8

N
Il
—

S A2, (30)

™=

E[A(0)A®)(0)] = 6

I
—

Therefore only O(N?) calculations are involved for cy(1). E[A’(0)A”(0)A®)(0)] can be sim-

plified as follows,

E[A(0)A"(0)A®)(0)] = f} % Sk Ay, (31)

Jjk=1



involving only O(N?) computations. If we define pi; = \/Eﬁij\/gj, then we can rewrite
E[A"(0)] as
N
EIA™(0)] =8 > piip5upii- (32)
ijk=1

Since pj; is symmetric, the summations can be reduced to i < j < k, resulting in O(%g)
calculations. Therefore to obtain all the coefficients, it requires O(%B) calculations, which
is quite manageable even for an index like S&P 500. It is worthwhile to notice that the

resulting formulas are very simple and easy to implement.

2.3 Approximation for the Asian Options

Define
N
A= Z Xise(g—ﬁ/?)tiww(ti)’ (33)
i=1
where y; is the weight of the stock price at time t;, g = r — §, d the dividend yield, o the
volatility, t; = 0 and ty = 7. If we define the new S; and pij by S; = y:Sedt and pij =
o?min(t;, t;), respectively, the formulas for the basket options apply directly for the discrete
Asian options. In cases where the weighting is the same for each stock price (x; = 1/N) and
the time interval between averaging points is the same (t;41 —t; = T/(N — 1) = A), closed

form formulas can be obtained. The formulas for continuous Asian options are obatined by

taking proper limits. For easy reference, they are provided in appendix A.

3 Performance Evaluation of the Approximation

In this section we evaluate the performance of the approximate formulas just derived. Since
there is no closed form formula for Asian options, we need a reliable numerical method to

give us the benchmark values. As discussed in the introduction, Zhang (2000) seems to
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give the most accurate prices among a number of numerical methods for continuous Asian
options. We use Zhang (2000) to yield benchmark values for our comparisons. For the long
maturity Asian options considered in table 2 and table 4, we also report the results from the
tradable scheme method (TS) of Hoogland and Neumann (2000).® Though a PDE approach
can be applied to the discrete Asian options, see Wilmott (1998) for more details, it is out of
the question for the basket options if more than a few assets are included. For discrete Asian
and basket options, we use the Monte Carlo simulation to generate the benchmark values.
To reduce the standard deviations, we have adopted the antithetic variable technique and
the control variate technique. For the latter we use the geometric mean option in Curran
(1994) as our control variate. We use the root of mean squared error (RMSE) to measure
the overall accuracy for a whole set of options and maximum absolute error (MAE) to gauge
the worst possible case.

For continuously averaging Asian options, we consider the lognormal approximation (LN)
of Levy (1992), the Edgeworth expansion method (EW) of Turnbull and Wakeman (1991) and
Ritchken, Sankarasubramanian and Vijh (1993), the reciprocal gamma approximation (RG)
of Milevsky and Posner (1998a), the four moment method (FM) of Posner and Milevsky
(1998) and the method of this paper (TE6) for comparisons. For the discretely averaged
Asian and basket options, we also consider the geometric conditioning approximation (GC)
of Curran (1994). Since the Edgeworth expansion method does not appear to do better
than the lognormal approximation, we only consider the latter for discrete Asian and basket

options.

3.1 Continuously Averaging Asian Options

Table 1 considers continuous Asian options with moderate maturity. From the table it is clear

that the present method is extremely accurate. For example, its RMSE is only 0.43 cents,
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while it is 9 cents for LN, 8.8 cents for EW, and 7.8 cents for RG. FM is also very accurate.
Its RMSE is one third of 1 cent. The MAE of the present method is just slightly above
1 cent, but all the other methods except FM have large MAE’s. FM’s MAE is under one
cent. For the options in table 1, the RMSE and MAE of the present method is comparable
with those of FM and about 20 times or more smaller than those of the other methods. The
performance of FM is really outstanding for these continuously averaging Asian options with
moderate maturity. The following tests indicate that the performance of FM deteriorates
for large volatility and long maturity options and also for basket options.

To test for the performance of these methods for longer maturities, we consider options
with three years to maturity in Table 2. The improvement of the present method over the
others is even more dramatic. The RMSE and MAE of it are more than 4 times smaller
than those of FM and about 40 times or more smaller than those of the other methods. In
fact, except FM, the other methods cease to give reliable values at all. The RMSE’s of LN
and RG are about 40 cents and the MAE’s are about 80 cents. The most troubling is EW.
Its RMSE is more than one dollar and its MAE is more than four dollars.

An important consideration for any method is how accurately it generates the hedging
ratios. Table 3 reports the hedging ratios for the options considered in table 2. Consid-
ering that the present method gives very accurate prices, it is not surprising that it gives
extremely accurate hedging ratios. FM yields even better results even though it performs
worse than TEG6 for the prices. For apprpximate methods, this can happen. For example, in
Ju (1998), LUBA has about the same pricing errors as EXP3, but its hedging ratio errors
are ten times larger. Note that EW gives completely wrong hedging ratios for large volatil-
ity options. For example, while the correct value for the third to last option is 0.62972,
EW gives 0.06413, only about one tenth of the correct value. It appears that EW is com-

pletely unreliable for large maturity and volatility options. In the appendix we show that a
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serious mathematical mistake is made in using the lognormal density function in the Edge-
worth expansion.? Therefore, it should not be expected to work well for moderate and long

maturities and volatilities options.

3.2 Discretely Averaging Asian Options

So far we have only considered continuously averaging Asian options, though in practice they
are all discretely averaged. We consider weekly averaging Asian options in table 4. We have
run 0.1 and 4 million simulations for the first 9 (smaller volatilities) and second 9 (larger
volatilities) options, respectively.!® Note that TE6 performs about as well as it does for the
continuous counterparts in table 2. Again LN and RG are not reliable for these long maturity
options. GC has performed very well for this set of options. It seems that the geometric
mean and the arithmetic mean are very highly correlated. This has also been indicated
by the effectiveness of the geometric mean in reducing the standard errors in Monte Carlo

simulations.

3.3 Basket (Portfolio) Options

We now consider basket options in tables 5 and 6. Each basket consists of 5 stocks, each with
an initial price of 100. The weights are 0.05, 0.15, 0.2, 0.25, 0.35, respectively.'! One million
and four million simulations are run for the options in table 5 (shorter maturity) and table 6
(longer maturity), respectively. To reduce the variances, we also use the antithetic variable
technique and use the Curran formula for basket options as our control variable. For the
moderate maturity basket options in table 5, TEG6 is extremely accurate. All other methods
except FM have large pricing errors. To evaluate the performances for longer maturities, in
table 6 we consider options with three years to maturity. Again TE6 performs very well.
All the other methods have large pricing errors. The deterioration of the performances of

GC and FM are noteworthy because they appear to have worked well for the Asian options
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when the maturity and volatility are not too large.

4 Concluding Remarks

We have proposed an extremely accurate analytical approximation for pricing Asian and
basket options. The numerical tests in section 3 indicate that the approximate formulas
can be used in most cases to achieve penny accuracy. Our method is also very easy and
straightforward to implement. Lastly, we have pointed out a serious error in the literature
in using the lognormal density in the Edgeworth expansion series.

One may think that the proposed method should work for the floating strike options too
because the payoft function is a weighted sum of the stock prices at different time points.
However, this is not so. For fixed strike Asian options, the average A(T) is always positive.
For floating strike ones, the random variable A(7") — S(T") can be negative. Therefore the
density of A(T) — S(T') can not be approximated the same way as that of A(T).

One potential application of the techniques developed is for expected utility calculations.
In a lot of cases the expected utility is very difficult to obtain if the individual assets in a
portfolio are assumed to follow lognormal processes because high dimension integrations are
involved. To avoid this difficulty, the literature has usually assumed exponential utility func-
tions and normal distributions for the asset values. For many assets, lognormal processes are
obviously better approximations. Section 3 indicates that the approximate density function
developed in section 2 for the basket is very accurate for most parameters encountered in
practice. Therefore in cases where the portfolio weights are all positive (for example, with
short sale constraints), the approximate density can be used to obtain the expected utility
either in closed form or by a one dimensional integral.

Another potential application is for portfolio risk management. Normally it is very hard

to assess the probability for a portfolio to reach a certain level some time in the future
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because so many random variables are involved. However, section 3 indicates that the future
distribution of a portfolio can be accurately approximated by a simple one variable density
function. Therefore the risk characteristics of a portfolio can be easily evaluated and the
portfolio weights adjusted according to the desired risk characteristics.

A potential limitation of the paper is the assumption of log-normality of the underlying
process. However, we point out that log-normal process is the only one well understood by
traders in the industry and still widely used by them. Even in situationss where one models
the volatility smile explicitly, the formulas developed can be used as a control variate in

simulations by fixing the volatility at its average value.
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Appendix A
This appendix provides the formulas for regular discrete Asian (equal weight and equal

time interval) and continuous Asian options.'?

S [edNA —1
= e — 4
v N<egA—1>’ (34

S 2 6(2g-i-02)th _ 2egNA +1 (e(2g+a2)NA _ 1)69A(€U2A o 1)
0 = () ((egA T ) (el A 1) (et — 1) (esd — 1)(eloteIA 1)) - (35)

and

1 1 1 1 1 7 11 1

= |(—= - o NgA - -
. {( 5 T 3ene ~1mond) T im0 T 7ane T seond) VIR T (G510 ~ Ta0ne
1 1 7 31
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(38)

With Uy, Us, 21, 22 and z3, (25) is a very simple approximation to price (regular) discrete

Asian options. Note that equations (36)-(38) are not the exact expressions for z;, zo, 23.

The exact expressions are long and complex. We opt to report the final expressions for zy,

29, 23 in terms of their Taylor expansion around g = 0. The coefficients of the terms with

(gNA)* are all much smaller than those with (gNA)°, indicating that no accuracy is likely

to be lost for any reasonable gNA ~ ¢T.'3

The formulas for the continuously averaging case can be easily obtained by taking N —

oo and NA = T'. For easy reference we report them here.

U = }(697'—»1) = A(0),

g
. 2 eoto®)T _ 1 9T _q
2 g+ o2 ( 2g + 02 - g ) ’
and
1 x 1122 3 x?
- _ 4T2 = v o .
1 T (5 180 ~ 15120 2500 T 1134007
6z, 1 13z 1722 2323 59x4
a’T°( — - + + ),
11340 ~ 30240 226800 ' 453600 @ 5987520
1 x 1122 3 xt
= =o' (— 4 _ _
2 T (55 360 ~ 30240 ~ 5040 T 226800 T
o 31 11z 3722 1923 95324
a’T°( + - — + )
29680 | 60480 151200 302400 ' 59875200
= 6T3( 2 T 212 _ 1723 n 1324 )
2835 60480 14175 907200 @ 1247400”
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where z = ¢gT'. Note that (25) and (39)-(43) represent an extremely simple approximation

for pricing continuous Asian options.
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Appendix B
The numerical examples considered in the text clearly show that the Edgeworth expansion
method yields completely unreliable results. In this appendix we show that Edgeworth
expansion does not apply when it is used to approximate the density of the arithmetic
average of a lognormal process.
The Edgeworth expansion technique amounts to approximate the ratio of the character-

istic function of the random variable under consideration (F') to that of the approximating

one (B)(A.4 in Jarrow and Rudd 1982) as follows,

Q(Ft) _ E[e™] & (i)
6(B.t)  ElB| —;)EJ i (44)

where Ej; is the coefficient for the jy, term. The first few coefficients are given in (A.5) in
Jarrow and Rudd (1982) in terms of the cumulants. The cumulants are given in terms of
moments (see 3.39 in Kendall and Stuart 1977.).

The essential idea is to represent e’ and e”? by their Taylor series and carry out the
expectations term by term. However, the procedure breaks down if B is a lognormal random
variable. The reason is that the series S, = 37_y(it)’ E[B’]/j! diverges. To see this assume

log(B) is normal with mean m and variance v. Therefore E[BI] = ¢/™+0-5°v The ratio test

for convergence fails because

e(j+1)m+0.5(j+1)2v (it)jH jm~+0.552v (it)j _ t e (+05)v
(7+1)! ! Jj+1

#B] cannot be ap-

approaches infinity for each ¢t # 0, v # 0 as j — oo. Therefore Ele
proximated by its corresponding Taylor expansion representation. Unless the moments of F’

are related to those of B (lognormal) in such a way that the series in (44) converges, the

Edgeworth expansion diverges when the approximating random variable B is lognormal.
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Footnotes

1. In the literature, some authors have called the lognormal approximation the Turnbull
and Wakeman method, see for example, Fu, Madan and Wang (1999) and Zhang

(2000), but their original article includes correction terms.

2. One may argue that it may be more appropriate to assume that the portfolio value
follows a lognormal process. However, the options market indicates that the Black-
Scholes implied volatility curves for individual stock options are flatter than those
of the index options. Therefore, the standard Black-Scholes model (1973) seems to

approximate the risk-neutral processes better for individual stocks than for indexes.
3. Since z is a scaling parameter for the volatilities, this is equivalent to up to o?.
4. The derivatives are with respect to z? because m(z?) and v(2?) are functions of z2.

5. Note that g(z) depends only on even orders of z. This is verified by direct computation.
Intuitively, g(z) must be an even function of z since the process dS/S = udt + zodw

is statistically the same as dS/S = udt — zodw.

6. Note that the above equation has the same structure as the Edgeworth expansion in
the appendix that the approximate charateristic function is that of the approximating
variable times a polynomial of ¢. However, the coefficients are different. Unlike in
the Edgeworth expansion, in our approximation the coefficients for the powers of ¢
change if more terms of powers of z are included. Another difference is that we have

considered log(A(T)) instead of A(T).

7. If we had used the expansion of E[e’?X (V] directly, we would have E[e’X (V)] a2 ?¢X(0)(1+

ige; + ¢Pes +igies + dley +igPes + ¢Peq), where the coefficients e; — eg are independent
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10.

11.

12.

13.

of ¢. Fourier inversion would yield an approximate density function which involves the

Dirac delta function and its derivatives. Such an approximation is not a good one.

. We thank Dimitri Neumann for providing us the values. We regard these values as

accurate too. Therefore we do not report error measures for them.

. We have become aware that the divergence problem with EW has been known to a

number of practitioners and academics. For lack of reference, we provide a formal proof

of the divergence in appendix B.

To reduce the simulation time, the same random numbers are used for all options.
This explains the same standard errors for the options with the same volatility. This
is equivalent to starting the simulations with the same seed for the random number

generator and should not affect the accuarcy of each price.

These weights are chosen arbitrarily. Equivalently, with equal weighting (0.2), the
prices are 5, 15, 20, 25, 35, respectively. Note that more assets could be considered,

but the Monte Carlo simulations for the benchmark values would take too long.

Mathematica is used to obtain the following formulas for the regular discrete Asian

options.

We have used the exact expressions in our numerical tests. Identical results are ob-

tained.
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Table 1: Values of Continuous Averaging Calls (S =100, r =0.09, 6 =0, T = 1)

(1) (2) (3) (4) (5) (6) (7)
(o, K) Exact TE6 LN EW RG FM
(0.05, 95) 8.80884 8.80884 8.80888 8.80884 8.80881 8.80884
(0.05,100)  4.30823  4.30824  4.30972 4.30823  4.30720  4.30823
(0.05,105)  0.95838  0.95837  0.95815  0.95838  0.95851  0.95838
(0.1,95) 891185 891190 891721 8.91185 8.90820 8.91186
(0.1, 100)  4.91512 4.91513 4.92310 4.91459  4.90938  4.91512
(0.1, 105)  2.07006  2.06996  2.07045 2.07002  2.06952  2.07006
(0.2,95)  9.99565 9.99594 10.03043  9.98596  9.97052  9.99552
(0.2,100)  6.77735  6.77692  6.80355 6.77025 6.75716  6.77720
(0.2,105)  4.29646 4.29561  4.30409 4.29618  4.28890  4.29641
(0.3,95) 11.65590 11.65565 11.73288 11.60606 11.59733 11.65500
(0.3,100)  8.82876 8.82686 8.88576 8.80190 8.78217  8.82792
(0.3,105)  6.51779  6.51494 6.54628 6.51750 6.49026  6.51726
(0.4,95) 13.51072 13.50887 13.64791 13.36950 13.40169 13.50764
(0.4,100) 10.92378 10.91903 11.03113 10.85700 10.83223 10.92085
(0.4,105) 872994 8.72337 8.79965 8.73326  8.66299  8.72764
(0.5,95)  15.44269 15.43806 15.66486 15.13556 15.25983 15.43448
(0.5,100) 13.02817 13.01899 13.21198 12.89936 12.86687 13.02013
(0.5, 105)  10.92963 10.91731 11.06752 10.95397 10.79735 10.92260
RMSE 0.00434  0.09110 0.08796 0.07789  0.00339
MAE 0.01232  0.22217  0.30713  0.18286  0.00821

The “Exact” value is obtained using the method in Zhang (2000). Columns 3-7 represent the
Taylor expansion (TE6) approach of this article, the lognormal approximation (LN) of Levy
(1992), the Edgeworth expansion approximation (EW) of Turnbull and Wakeman (1991) and
Ritchken, Sankarasubramanian and Vijh (1993) the reciprocal gamma distribution method
(RG) of Milevsky and Posner (1998a), and the four-moment approximation (FM) of Posner
and Milevsky (1998), respectively. RMSE is the root of mean squared errors and MAE is
the maximum absolute error.
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Table 2: Values of Continuous Averaging Calls (S = 100, » = 0.09, 6 =0, T = 3)

(1) (2) (3) (4) (5) (6) (7) (8)
(o, K) Exact TS TE6 LN EW RG FM
(0.05,95) 15.11626 15.11627 15.11626 15.11630 15.11628 15.11624 15.11626
(0.05, 100) 11.30361 11.30361 11.30360 11.30422 11.30368 11.30318 11.30361
(0.05, 105)  7.55332  7.55332  7.55335  7.55670  7.55335  7.55075  7.55333
(0.1,95) 15.21380 15.21380 15.21396 15.22546 15.21443 15.20538 15.21383
(0.1, 100) 11.63766 11.63766 11.63798 11.65759 11.63510 11.62237 11.63764
(0.1, 105) 8.39122  8.39122  8.39140 8.41475 8.38630 8.37232  8.39115
(0.2,95) 16.63723 16.63721 16.63942 16.74023 16.52766 16.55504 16.63634
(0.2, 100)  13.76693 13.76693 13.76770 13.86951 13.66580 13.68133 13.76559
(0.2, 105) 11.21985 11.21987 11.21879 11.31054 11.14619 11.14037 11.21835
(0.3,95) 19.02320 19.02316 19.02652 19.27910 18.36063 18.80529 19.01620
(0.3, 100) 16.58613 16.58613 16.58509 16.82823 16.10382 16.37079 16.57768
(0.3, 105) 14.39295 14.39298 14.38751 14.61010 14.09940 14.19042 14.38394
(0.4,95) 21.74097 21.74092 21.74461 22.23180 19.63683 21.30176 21.71507
(0.4, 100)  19.58830 19.58825 19.58355 20.05569 18.26416 19.15285 19.55790
(0.4, 105) 17.62548 17.62544 17.61269 18.05875 16.98036 17.20469 17.59266
(0.5,95) 24.57190 24.57187 24.57740 25.40607 20.28830 23.79644 24.50412
(0.5, 100)  22.63085 22.63078 22.62276 23.43633 20.82553 21.85456 22.55035
(0.5, 105)  20.84322 20.84318 20.82213 21.60941 21.00517 20.07802 20.75420
RMSE 0.00662  0.39303  1.26967  0.37305  0.03486

MAE 0.02108  0.83417  4.28360  0.77629  0.08902

The “Exact” value is obtained using the method in Zhang (2000). Columns 3-8 represent the
tradable scheme (TS) method of Hoogland and Neumann (2000), Taylor expansion (TEG)
approach of this article, the lognormal approximation (LN) of Levy (1992), the Edgeworth
expansion approximation (EW) of Turnbull and Wakeman (1991) and Ritchken, Sankarasub-
ramanian and Vijh (1993) the reciprocal gamma distribution method (RG) of Milevsky and
Posner (1998a), and the four-moment approximation (FM) of Posner and Milevsky (1998),
respectively. RMSE is the root of mean squared errors and MAE is the maximum absolute
eITor.
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Table 3: Hedging Ratios (A’s) of Continuous Averaging Calls (S = 100, » = 0.09, 6 = 0,
T =3)

(1) (2) (3) (4) (5) (6) (7)
(7, K)  Exact  TE6 LN EW RG FM
(0.05,95) 0.87630 0.87630 0.87627 0.87629 0.87631 0.87630
(0.05, 100) 0.87357 0.87357 0.87329 0.87356 0.87377 0.87357
(0.05, 105) 0.84217 0.84216 0.84141 0.84222 0.84278 0.84217
(0.1,95)  0.85158 0.85153 0.85009 0.85205 0.85276 0.85158
(0.1, 100)  0.80488 0.80487 0.80367 0.80552 0.80596 0.80489
(0.1, 105)  0.71793 0.71800 0.71831 0.71806 0.71780 0.71793
(0.2,95)  0.74051 0.74074 0.74052 0.74009 0.74123 0.74062
(0.2,100)  0.68025 0.68061 0.68255 0.67537 0.67912 0.68030
(0.2,105) 0.61171 0.61209 0.61621 0.60386 0.60869 0.61170
(0.3,95)  0.67654 0.67738 0.68054 0.63823 0.67496 0.67685
(0.3,100) 0.62877 0.62966 0.63515 0.58619 0.62502 0.62888
(0.3,105) 0.57924 0.58008 0.58764 0.53743 0.57359 0.57919
(0.4,95)  0.64497 0.64661 0.65318 0.46790 0.64103 0.64579
(0.4, 100) 0.60712 0.60875 0.61765 0.44724 0.60087 0.60751
(0.4, 105)  0.56917 0.57066 0.58161 0.43199 0.56088 0.56916
(0.5,95) 0.62972 0.63235 0.64233 0.06413 0.62335 0.63186
(0.5, 100) 0.59888 0.60145 0.61379 0.13813 0.59000 0.60016
(0.5,105)  0.56841 0.57083 0.58527 0.20641 0.55731 0.56890
RMSE 0.00128 0.00801 0.20332 0.00488 0.00064
MAE 0.00263 0.01686 0.56559 0.01110 0.00214

The “Exact” value is obtained using the method in Zhang (2000). Columns 3-7 represent the
Taylor expansion (TE6) approach of this article, the lognormal approximation (LN) of Levy
(1992), the Edgeworth expansion approximation (EW) of Turnbull and Wakeman (1991) and
Ritchken, Sankarasubramanian and Vijh (1993) the reciprocal gamma distribution method
(RG) of Milevsky and Posner (1998a), and the four-moment approximation (FM) of Posner
and Milevsky (1998), respectively. RMSE is the root of mean squared errors and MAE is
the maximum absolute error.
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Table 4: Values of Weekly Averaging Calls (S = 100, » = 0.09, 6 =0, T' = 3)

(1) (2) (3) (4) (5) (6) (7) (8)
(o, K) MC (SD) TS TE6 LN RG FM GC
(0.05,95) 15.1199 (0.0002) 15.1197 15.1197 15.1197 15.11965 15.1197 15.1197
(0.05, 100) 11.3071 (0.0002) 11.3070 11.3069 11.3076 11.30654 11.3070 11.3069
(0.05, 105)  7.5563 (0.0002) 07.5561  7.5562 7.5596  7.55364  7.5561  7.5561
(0.1, 95)  15.2171 (0.0007) 15.2163 15.2165 15.2281 15.20814 15.2163 15.2163
(0.1, 100)  11.6399 (0.0007) 11.6390 11.6394 11.6593 11.62415 11.6390 11.6389
(0.1, 105)  8.3919 (0.0007) 8.3911 8.3913 8.4150 8.37269 8.3911  8.3907
(0.2, 95)  16.6366 (0.0026) 16.6342 16.6365 16.7388 16.55403 16.6333 16.6331
(0.2, 100)  13.7654 (0.0026) 13.7626 13.7634 13.8668 13.67896 13.7612 13.7611
(0.2, 105)  11.2174 (0.0026) 11.2146 11.2135 11.3066 11.13678 11.2130 11.2125
(0.3,95)  19.0194 (0.0009) 19.0144 19.0179 19.2743 18.80143 19.0075 19.0098
(0.3, 100)  16.5812 (0.0009) 16.5766 16.5755 16.8224 16.36582 16.5681 16.5715
(0.3, 105)  14.3874 (0.0009) 14.3830 14.3774 14.6034 14.18451 14.3739 14.3771
(0.4, 95)  21.7331 (0.0018) 21.7269 21.7307 22.2251 21.29668 21.7010 21.7150
(0.4, 100)  19.5798 (0.0018) 19.5738 19.5690 20.0481 19.14690 19.5434 19.5615
(0.4, 105)  17.6164 (0.0018) 17.6109 17.5978 18.0505 17.19800 17.5780 17.5977
(0.5,95)  24.5585 (0.0031) 24.5526 24.5583 25.3991 23.79172 24.4848 24.5286
(0.5, 100)  22.6167 (0.0031) 22.6115 22.6032 23.4287 21.84918 22.5308 22.5871
(0.5, 105)  20.8289 (0.0031) 20.8241 20.8023 21.6012 20.07208 20.7348 20.7990
RMSE 0.0092 0.3952  0.3696 0.0380  0.0150
MAE 0.0266 0.8406  0.7675  0.0941  0.0299

Columns 2-7 represent the Monte Carlo simulation (standard deviation), the tradable scheme
(TS) method of Hoogland and Neumann 2000, the Taylor expansion (TE6) approach of this
article, the lognormal approximation (LN) of Levy 1992, the reciprocal gamma distribution
method (RG) of Milevsky and Posner 1998a, the four-moment approximation (FM) of Posner
and Milevsky 1998, the geometric conditioning method (GC) of Curran 1994, respectively.
RMSE is the root of mean squared errors and MAE is the maximum absolute error.
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Table 5: Values of Basket Calls (6 =0, 7' = 1)

(1) (2) (3) (4) (5) (6) (7)
(K, r, o, p) MC (SD) TE6 LN RG FM GC
(90 ,0.05 ,0.2,0.0) 14.6254 (0.0011) 14.6259 14.6372 14.6058 14.6259 14.6193
(100 ,0.10 ,0.2 ,0.0) 10.3070 (0.0011) 10.3087 10.3255 10.2803 10.3084 10.2956
(110 ,0.05 ,0.5,0.0)  8.4260 (0.005) 8.4268 85011 8.3729 8.3943  8.0436
(90 ,0.10 ,0.5 ,0.0) 21.2996 (0.0065) 21.3083 21.4717 21.1135 21.2968 21.0793
(100 ,0.05 ,0.2 ,0.5)  8.8929 (0.0004) 8.8933 8.8947 8.8042 8.8933  8.8903
(110 ,0.10 ,0.2 ,0.5)  6.5267 (0.0003) 6.5272  6.5280 6.4776 6.5272  6.5239
(90 ,0.05 ,0.5 ,0.5) 22.8694 (0.0029) 22.8738 22.8809 21.9817 22.8716 22.8213
(100 ,0.10 ,0.5 ,0.5) 20.2037 (0.0028) 20.2014 20.2165 19.3612 20.1989 20.1446
(110 ,0.05 ,0.2 ,0.0)  2.2074 (0.0007) 2.2071 2.2016 22186 22072  2.1855
(90 ,0.10 ,0.2 ,0.0) 18.6285 (0.0012) 18.6286 18.6342 18.6187 18.6288 18.6259
(100 ,0.05 ,0.5 ,0.0) 12.6438 (0.0054) 12.6480 12.7871 12.5118 12.6123 12.2990
(110 ,0.10 ,0.5 ,0.0) 10.5148 (0.0052) 10.5184 10.6303 10.4195 10.4826 10.1480
(90 ,0.05 ,0.2 ,0.5)  15.6479 (0.0005) 15.6477 15.6494 15.5330 15.6477 15.6458
(100 ,0.10 ,0.2 ,0.5) 11.9199 (0.0005) 11.9198 11.9215 11.8055 11.9197 11.9172
(
(
(
(
(
(
(
(
(
(

(110 ,0.05 ,0.5 ,0.5) 13.8766 (0.0028) 13.8818 13.8918 13.3080 13.8794 13.8179
(90 ,0.10 ,0.5 ,0.5)  25.3757 (0.0031) 25.3810 25.3975 24.4698 25.3791 25.3329
(100 ,0.05 ,0.2 ,0.0)  6.8143 (0.0009 6.8154 6.8308  6.7919  6.8150  6.7964
(110 ,0.10 ,0.2 ,0.0)  4.2398 (0.0007 42396  4.2466  4.2317  4.2395  4.2175
(90 ,0.05,0.5 ,0.0) 18.3388 (0.0062) 18.3360 18.5035 18.1457 18.3135 18.0636
(100 ,0.10 ,0.5 ,0.0) 15.2241 (0.0058) 15.2322 15.3912 15.0634 15.2006 14.9159
(110 ,0.05 ,0.2 ,0.5)  4.3969 (0.0004 4.3967  4.3967 4.3981  4.3967 4.3934
(90 ,0.10 ,0.2 ,0.5)  19.2149 (0.0006) 19.2149 19.2163 19.1192 19.2149 19.2136
(100 ,0.05 ,0.5 ,0.5) 17.8991 (0.0028) 17.9159 17.9022 17.1347 17.8996 17.8422

e e e e e e e e e N e N N N N N N S S e N N N

(110 ,0.10 ,0.5 ,0.5) 15.9268 (0.0028) 15.9274 15.9395 15.2444 15.9248 15.8652
RMSE 0.0033  0.0629  0.3905 0.0131  0.1631
MAE 0.0087  0.1721  0.9059  0.0322  0.3824

Columns 2-7 represent the Monte Carlo simulation (standard deviation), the Taylor ex-
pansion (TE6) approach of this article, the lognormal approximation (LN) of Levy (1992),
the reciprocal gamma distribution method (RG) of Milevsky and Posner (1998a), the four-
moment approximation (FM) of Posner and Milevsky (1998), the geometric conditioning
method (GC) of Curran (1994), respectively. RMSE is the root of mean squared errors and
MAE is the maximum absolute error. Five stocks are included in each basket, each with
an initial price of 100. The weights are 0.05, 0.15, 0.2, 0.25 and 0.35, respectively. The
volatilities and correlations are assumed to be the same.
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Table 6: Values of Basket Calls (6 =0, T' = 3)

(1) (2) (3) (4) (5) (6) (7)

(K, r, o, p) MC (SD) TE6 LN RG FM GC
(90, 0.05, 0.2, 0.0) 23.0121 (0.0017) 23.0148 23.0561 22.9501 23.0169 22.9777
(100, 0.10, 0.2, 0.0) 26.1671 (0.0017) 26.1706 26.2005 26.1232 26.1738 26.1463
(110, 0.05, 0.5, 0.0) 21.0184 (0.0098) 21.0437 21.8495 20.4446 20.5303 19.3543
(90, 0.10, 0.5, 0.0)  37.2287 (0.0107) 37.1973 37.9690 36.5845 37.3486 36.3446
(100, 0.05, 0.2, 0.5) 18.5798 (0.0007) 18.5812 18.5875 18.1930 18.5809 18.5653
(110, 0.10, 0.2, 0.5) 21.7596 (0.0008) 21.7600 21.7664 21.3672 21.7598 21.7465
(90, 0.05, 0.5, 0.5)  36.8280 (0.0057) 36.8255 36.9131 33.4933 36.8083 36.5786
(100, 0.10, 0.5, 0.5)  38.5906 (0.0057) 38.5874 38.6742 35.3043 38.5780 38.3534
(110, 0.05, 0.2, 0.0)  9.8016 (0.0013)  9.8013  9.8546 9.7366 9.7960  9.6887
(90, 0.10, 0.2, 0.0)  33.3711 (0.0018) 33.3707 33.3810 33.3551 33.3735 33.3639

( )
( )
( )
( )
( )
( )
( )
( )
aons
(100, 0.05, 0.5, 0.0)  25.1610 (0.0100) 25.1394 26.0042 24.4746 24.7427 23.6466
(110, 0.10, 0.5, 0.0) 27.6233 (0.0101) 27.6190 28.4929 26.9366 27.3201 26.2559
(90, 0.05, 0.2, 0.5)  24.8104 (0.0008) 24.8111 24.8172 24.4386 24.8110 24.7999
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )

(100, 0.10, 0.2, 0.5) 27.5462 (0.0008) 27.5463 27.5519 27.2072 27.5463 27.5370
(110, 0.05, 0.5, 0.5) 29.1034 (0.0059) 29.1026 29.1871 25.8326 29.0556 28.8042
(90, 0.10, 0.5, 0.5)  42.7673 (0.0058) 42.7625 42.8455 39.6780 42.7760 42.5596
(100, 0.05, 0.2, 0.0) 15.6780 (0.0016) 15.6802 15.7425 15.5903 15.6775 15.6027
(110, 0.10, 0.2, 0.0)  19.4368 (0.0016) 19.4357 19.4894 19.3541 19.4358 19.3805
(90, 0.05, 0.5, 0.0)  29.9998 (0.0103) 29.9817 30.8485 29.2973 29.7887 28.7457
(100, 0.10, 0.5, 0.0) 32.1145 (0.0104) 32.1032 32.9523 31.4284 32.0113 30.9819
(110, 0.05, 0.2, 0.5)  13.4902 (0.0006) 13.4905 13.4954 13.1811 13.4901 13.4713
(90, 0.10, 0.2, 0.5)  34.0088 (0.0008) 34.0101 34.0140 33.7796 34.0102 34.0047
(100, 0.05, 0.5, 0.5) 32.7054 (0.0058) 32.7176 32.8051 29.3599 32.6827 32.4421
(110, 0.10, 0.5, 0.5) 34.8364 (0.0057) 34.8388 34.9267 31.4782 34.8126 34.5777

RMSE 0.0108 04177 1.6834 0.1553  0.6764

MAE 0.0314 0.8696 3.3582 0.4881  1.6641

Columns 2-7 represent the Monte Carlo simulation (standard deviation), the Taylor ex-
pansion (TE6) approach of this article, the lognormal approximation (LN) of Levy (1992),
the reciprocal gamma distribution method (RG) of Milevsky and Posner (1998a), the four-
moment approximation (FM) of Posner and Milevsky (1998), the geometric conditioning
method (GC) of Curran (1994), respectively. RMSE is the root of mean squared errors and
MAE is the maximum absolute error. Five stocks are included in each basket, each with
an initial price of 100. The weights are 0.05, 0.15, 0.2, 0.25 and 0.35, respectively. The
volatilities and correlations are assumed to be the same.
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