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BAYESIAN CALCULUS FOR GAMMA PROCESSES WITH
APPLICATIONS TO SEMIPARAMETRIC INTENSITY MODELS

By LANCELOT F. JAMES
Hong Kong University of Science and Technology

SUMMARY. Explicit calculus for the posterior distribution of convolution mixtures
of weighted gamma processes on Polish spaces are derived. This serves to extend the
results of Lo and Weng (1989) to a semiparametric setting on arbitrary spaces. The result
of this study is applied to two different types of general semiparametric multiplicative
intensity models. One in which a prior is constructed based on q conditionally independent
weighted gamma measures given a Euclidean parameter and a second dependent model
where different hazard rates are based on a common mixing measure. The latter model
seems natural for some types of deconvolution models or regression models. As an example,
it is shown how this provides a full (implementable) posterior analysis of the Cox regression
model. The results also provide the explicit posterior distribution for the Poisson/Gamma
random field model considered by Wolpert and Ickstadt (1998a).

1. Introduction

This article presents rigorous development of the necessary prior to pos-
terior calculus for Bayesian non/semiparametric models incorporating con-
volution mixtures of weighted gamma priors on arbitrary Polish spaces. That
is, arbitrary complete and separable metric spaces V. Weighted gamma pro-
cesses on arbitrary Polish spaces are discussed in Lo (1982) and are shown
to be conjugate to the family of inhomogeneous Poisson processes when the
parameter of interest is the cumulative hazard or intensity. The extended
gamma process proposed in Dykstra and Laud (1981) is a special case of the
weighted Gamma process. Tsilevich, Vershik and Yor (2000, 2001) provide
some interesting results for the (unweighted) gamma process in a somewhat
different but relevant context.
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The approach of Lo and Weng (1989) is analogous to the case of density and
mixture model estimation in Lo (1984). Lindsay (1995) gives an excellent
discussion on the richness of the mixture model framework. The present work
extends Lo and Weng (1989) in two directions: One the important extension
to the semiparametric setting which allows for hierarchical modelling and
two the extension from the real line to arbitrary complete and separable
metric spaces. Thus for instance one can consider a spatial intensity over an
abstract geometric space V as follows

A(t, ) :/vk(t,v,H)u(dv).

The extension to the semiparametric setting provides full Bayesian calculus
and hence a clear path for Bayesian estimation of, for instance, semiparamet-
ric multiplicative hazards models and other multiplicative intensity models
first made popular by Aalen (1975, 1978) and discussed in the text by An-
dersen, Borgan, Gill and Keiding (1993). The use of arbitrary kernels k
provides the user with a great deal of flexibility in modelling. For instance,
as noted in Lo and Weng (1989)[see section 6], the choice of kernel

k(t,v) = Hv < t}, (1)

yields a family of nonincreasing hazard rates first considered from a Bayesian
viewpoint by Dykstra and Laud (1981). Note that the choice of (1) also
provides a Bayesian alternative to estimation of a monotone hazard under
right censoring considered in Huang and Wellner (1995). The choice,

k(t,v) = e (2)

can be used for Bayesian estimation for a hazard rate which is modelled as a
mixture of exponentials. This corresponds to a class of completely monotone
hazard rates. An interesting discussion of mixed-exponential hazards may
be found in Saunders and Myhre (1983)[see also Jewell (1982)]. The kernel,

k(t,v) = I{|t — af = v}, (3)

v € [0,00); corresponds to the class of U-shaped or bath-tub shaped hazards
with minimum at a. [See Lo and Weng (1989) for further details]. More re-
cently, Wolpert and Ickstadt (1998a) discuss a Bayesian hierarchical spatial
Poisson/Gamma random field model which fits in our framework. They give
as examples intensities based on semiparametric mixtures of multivariate
normal kernels. In addition, Ishwaran (1998) provides an interesting discus-
sion and important consistency results for semiparametric mixture models
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characterized by general Pélya urn sequences. This includes for instance
models which may be derived from the Dirichlet process. It is possible to
include these models in this framework as well. See Remark 1 below. Some
other related Bayesian works and discussions include, Kalbfleisch (1978),
Hjort (1990), Damien, Laud and Smith (1996), Sinha and Dey (1997), Sinha
and Dey (1998), Ibrahim and Sinha (1998), Laud, Damien and Smith (1998),
Wolpert and Ickstadt (1998b), Walker, Damien, Laud and Smith (1999),
Ibrahim, Chen and MacEachern (1999), Best, Ickstadt and Wolpert (2000),
Gasbarra and Karia (2000), and Hayakawa, Paul and Vignaux (2000). A re-
cent survey, with additional references, is given in Gelfand (1999). It is also
evident that the Bayesian approach discussed in this section may be used
as a Bayesian alternative to maximum pseudo-likelihood methods for spatial
point patterns on abstract spaces based on Besag’s (1977) pseudo-likelihood
approach as discussed in Baddeley and Turner (2000).

The layout of the paper is as follows. In section 2, the weighted gamma,
measure is described and some important connections to the Dirichlet pro-
cess are mentioned [see Ferguson (1973, 1974) and Antoniak (1974)]. Section
3 focuses on obtaining the analogues of Proposition 3.1. and Lemma 3.1 in
Lo and Weng (1989) for general Polish spaces V. It follows that once this
is established all the resulting arguments in Lo and Weng (1989) may be
carried over to this more general setting. In section 4.1, applications to an
extension of a g-component nonparametric multiplicative intensity model are
discussed. The priors for these models are based on g-component mixtures
of weighted gamma, processes and are analogous to mixtures of Dirichlet pro-
cesses considered in Antoniak (1974). In section 4.2, the results in section 3
are applied to models where the hazard or intensities rates share a common
mixing measure. Such models are not treated in Lo and Weng (1989).

In section 5, important partition representations for the posterior quan-
tities discussed in section 4.2. are derived. Lo (1984) and Lo and Weng
(1989), show that these representations reduce complex integrations with
respect to a Blackwell-MacQueen (1973) type urn to simpler averages over
partitions of the data. Lo, Brunner and Chan (1996) [see also Brunner,
Chan, James and Lo (2001)] discuss iid and Gibbs sampling based proce-
dures for convolution mixtures of Dirichlet and gamma processes specifically
utilizing the partition structure. They dub these computational procedures
Weighted Chinese Restaturant (WCR) processes. In particular, the iid se-
quential importance sampling (SIS) procedure is referred to as the iidWCR.
Brunner, Chan, James and Lo (2001) point out that the iidWCR when spe-
cialized to the case of a binomial kernel mixture of Dirichlet process models
coincides operationally with an SIS procedure in MacEachern, Clyde and
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Liu (1999). Lo and Weng (1989), in section 6 of that paper, actually ap-
ply a Chinese Restuarant (CR) approximation procedure [see Kuo (1986)
and Aldous (1985) and Pitman (1996)] to the mixture of exponentials model
mentioned above. While the CR algorithm of Kuo (1986) samples from a
prior partition distribution the WCR. procedures samples from a “posterior”
partition distribution connected with the observed data and hence is more
efficient. Hayakawa, Paul, Vignaux (2000) and Hayakawa, Zukerman, Paul
and Vignaux (2001) apply the iidWCR to implement a test for detecting
increasing failure rate (IFR) data. Ho and Lo (2001) apply a Gibbs sam-
pler based on partitions in the case of a monotone hazard rate. Recently
Ishwaran and James (2000) develop extensions of the iidWCR and discuss
several novel Gibbs sampling procedures to fit the semiparametric mixture
of hazards gamma process models. These procedures provide methods for
practical application of the results discussed here. What is evident in all
these works is that efficient approximation procedures for the Dirichlet pro-
cess may be adapted, with some adjustments, to models based on the gamma
process. More subtle features of the partition representations are discussed
in Brunner, Chan, James and Lo (2001). In section 6, a complete poste-
rior characterization of the Cox regression model is given. In addition, it is
shown how one may apply the iidWCR to approximate posterior quantities
for this model.

1.1 Cox proportionals hazards regression model. As a motivational ex-
ample the well known Cox regression model, Cox (1972), is presented in this
section. Let (T;,Z;), i = 1,...,n be random variables with 7; non-negative
(lifetimes) and each Z; is a m-dimensional vector of covariates. The Cox
proportional hazards (partial) likelihood may be written as,

ﬁ ATyl ) exp{n'Z; }exp{ / A(ulp) Zexp{n Z,}Y(u)d } (4)
j=1 =1

where Y(u) = I{T; > u}, A(t|u) represents the unknown baseline hazard
rate and n = (1,...7m) is a vector of unknown regression coefficients. Here
the baseline hazard rate is modelled as a mixture,

At = [kt o)u(do).

The semiparametric hazard rate is then expressed as,

ANTjlpsm) = /k )iu(dv)
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where
kj(Tjlv,n) = k(Tj,v) exp{n'Z;}.

The Bayesian framework is completed by specifying p as a weighted gamma,
process with shape « not depending on 7, and choosing a prior for 7, say
m(dn). A convenient choice for 7(dn) is a multivariate normal distribution.

Bayesian treatments of the the Cox model, (4), and its variations have
been discussed in the works of Kalbfleisch (1978), Hjort (1990), Clayton
(1991), Sinha and Dey (1997), Sinha and Dey (1998), Ibrahim and Sinha
(1998), Laud, Damien and Smith (1998), among others. The mixture model
framework presented here allows one to model various shapes for the base-
line hazard and in that sense is more general than the above mentioned
works. In section 6, it will be shown how the results in sections 4 and 5
yield the explicit posterior characterization of these models. In addition, it
is shown how this facilitates application of the iid computational procedures
discussed in Brunner, Chan, James and Lo (2001) [see also Lo, Brunner and
Chan (1996) and Ishwaran and James (2000)].

REMARK 1. The above framework is chosen for simplicity, but certainly
illustrates the main points. Using the results in this paper one may also
treat the case of time dependent covariates Z;(t). In general, the results in
this paper also apply to the case where a and k& depend on an additional
parameter § with prior 7(df). For instance one may use the choices of kernels
discussed in Ishwaran (1998). This includes,

k(z,v,0) = vhexp (0z — vexp (0z)) (5)

or
k(z1,z2,v,0) = vexp (—vx1)fvexp (—Ovrs) (6)

which correspond to mixtures of Weibull and Paired Exponential models
respectively. Another potentially interesting choice for k£ and « may be
deduced from the class of exponential mixture models proposed in Lindsay
(1986)

2.  Weighted Gamma Random Measures

It is well known that gamma and Dirichlet processes may be defined over
arbitrary measurable spaces, see Kingman (1975) and Ferguson (1973) for
details. Here, the case of gamma random measures defined over arbitrary
Polish spaces is considered. In order to allow for possibly o-finite parameters
the concept of boundedly finite measures is used which is defined in Daley
and Vere-Jones (1988) [see their Definition 6.1.1] as,
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DEFINITION 1. A Borel measure p on a Polish space is boundedly finite
if u(A) < oo for every bounded Borel set A.

Let v, denote a gamma random measure on the measure space (V, B(V))
with o-finite shape measure a on V, where V is an arbitrary Polish space
and B(V) is an appropriately defined Borel sigma field. That is, v, is a
boundedly finite random measure such that for each bounded Borel subset A
of V, ¥a(A) = [47Va(du) has a gamma («(A);1) distribution. Moreover, for
any disjoint sets By, ..., By, the v,(B;) are independent gamma («(B;); 1).
Now, let 8 be a non-negative « integrable function on V, and define as in
Lo (1982) [see also Dykstra and Laud (1981) and Lo and Weng (1989)], a

weighted gamma measure,

fap(A) = /A B(Y)va(dy).

If v denotes a measure on (M, B(M)), a suitably defined Borel measurable
space of boundedly finite measures, the weighted gamma distribution of y is
denoted by G(du|a, B). This means that y is a random measure that may be
expressed as fi,5. The notation G, g will be used interchangeably. It follows
from Lo (1982), that the mean and Laplace functional of p are,

[ [ somtdngulap) = [ gw)swatd)
and
Lo,o(f) = [ eso{= [ f@ntdo)} Gldnla.p)
_ exp{—/vln[l—i—f(v)ﬁ(u)] a(du)}

for non-negative functions f € BM (V) on (V, B(V)) where BM (V) denotes
the collection of measurable functions of bounded support on V.

An important point to note is that if P, is a Dirichlet process with finite
shape measure a(-) then,

Ya(")
Py() = —=%,
"= 5w

and moreover 7,(V) is independent of P,(-). This result may be found
in Kingman (1975)[see also Ferguson (1973, 1974)] but follows essentially
from a well-known elementary result about gamma random variables. An
implication is that many properties of a Dirichlet process may be deduced
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from that of a gamma process and vice versa. Also many computational
procedures devised for the Dirichlet process have natural analogues in the
gamma process setting. One will note that the derivations in the forthcoming
sections will bear many similarities to perhaps more familiar expressions
obtained via Dirichlet process calculus. A weighted Dirichlet process as
defined in Lo (1993) may be expressed as follows,

_ Has()
Pa,ﬁ(') - Ma,ﬁ(v) .

3. Fubini Type Disintegration Results for General Polish Spaces

A key to the development of a systematic approach for the calculation
of posterior quantities in nonparametric and semiparametric settings rests
on the development of a Fubini-type theorem which characterizes the poste-
rior distribution. The approach used here is first to obtain an extension of
Proposition 3.1. and Lemma 3.1. of Lo and Weng (1989) to arbitrary Polish
spaces V.

LEMMA 1. For non-negative functions f € BM (V) on (V, B(V)) and g
on (M, B(M))

[ atwess{= [ Fndn)} Gustdn) = Lo, () [ a5 (dulo,5)
where §* = B/(1 + Bf).

PROOF. The arguments proceed exactly as in Lo and Weng (1989) with
R replaced by a general Polish space V. Those arguments combined with
the unicity of Laplace functionals for random measures on V validate the
Lemma. O

The next result gives an extension of the Fubini-type disintegration
Lemma 3.1 in Lo and Weng (1989) to arbitrary Polish spaces V, which pro-
vides a key tool for many applications, including missing data models and
density /hazard estimation and estimation in spatial point proceses. Note
that the arguments used in Lo and Weng (1989) cannot be used for the
arbitrary extension.

LEMMA 2. (Bayes Disintegration Lemma) Let h be any non-negative
function defined on (V x M, B(V) ® B(M)), then

/M /V (v, 1) ps(dv) Gar 5 (ds) = /V /Mh(v,M)gam,ﬁ(du)ﬁ(v)a(dv)-
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PRrROOF. One may argue in a standard fashion by choosing A to be indi-
cators of measurable subsets of B(V) ® B(M). However, the proof follows
directly from an application of Lemma 1 and the unicity property of Laplace
functionals. It suffices to show that the result holds for

o) = sl exp { = [ futdy)}.

for any non-negative s,f in BM (V). That is,

[ [swes{- [ sw) }(dmgaﬁ(du)
= [so)][ exp{ [ 1)} Guss, o) Blo)a(as).

An application of Lemma 1, setting

(1) = [ s(o)u(dv)

gives that the Lh.s. is,

exp{~ [ mit+ )7 watdn)} [ |[ s ddala 5
= Lo, (1) [ s0)[1 + B0 W] Aw)a(d).

Since for each v, the Laplace functional Lg,_ ,; .(f) equals

[ e {= [ 1mtan} Gassop@n) = Lo, (DIL+ 500
= Lga,g(f)Lgsv,g(f)a

the proof is concluded. O

Lemma 2 is labelled Bayes Disintegration Lemma since an explicit Fubini
result of this type is fundamental in characterizing the posterior distribution
of infinite-dimensional random measures. That is, cases where the elemen-
tary Bayes rule does not apply. Hence analogous to Lo’s (1984) Lemma 1
result for the Dirichlet process, Lemma 2 provides a master tool for Bayesian
models based on the gamma process. In fact, as noted in Lo and Weng (1989,
Corollary 3.2), Lemma 2 for the gamma process implies Lo’s (1984) Lemma
1 for the Dirichlet process on V. It however should be pointed out that
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Lemma 1, the extension of Proposition 3.1 of Lo and Weng (1989), also
plays a fundamental role. These points will be illustrated in the forthcom-
ing sections. Note in particular that Lemmas 1 and 2 show that for arbitrary
Polish spaces V the following disintegrations holds,

1(dv)Ga,p(dp) = Gars, 5(dp)B(v)e(dv),
and for any f € BM(V),

P {‘ /v f(y)u(dy)} #(dv)Gap(dp) = Lg, 5 (/)G (duler + 8y, 57)B(v)er(dv).

Ga+s,,8(dp) has an interpretation as a conditional distribution of x given
v, and fB(v)a(dv) is a marginal measure associated with v. Le Cam (1986,
ch.12) gives a general discussion of this phenomena in a Bayesian context.

REMARK 2. In the case where V = R¢ a proof may be carried out along
the lines of the proof of Lemma 3.1 Lo and Weng (1989) by setting

o) = <> exp { = [ f)ntan)}.

where < v,t > denotes inner product on R¢. That is, by using the unicity
of characteristic functions in R¢ and the unicity of Laplace functionals on V.
This may be extended to other inner product spaces such as Hilbert spaces.
However, this argument breaks down for arbitrary Polish spaces V.

Now let

n

w(dv|p) = [T n(dv:)

i=1
be a conditional measure of v = (v1,...,v,) given p where p is G, g(dp).
The following implication of Lemma 1 and Lemma 2 is now stated.

THEOREM 1. Let g(v,u) be a non-negative or integrable function, then
for eachn > 1, and f € BM(V),

[ stvmyexo{= [ (s)ntas) | nlivgs(an)
= Lo, (1) [ av.mG(dula+ Y b, B)m(av),

=1

where

wav) = [ w(@viGdulop) = midv) T] 500
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and

n i—1
m(dv) = H (a + 51”) (dvj).
=1 =1

PrOOF. The result follows by first applying Lemma 1 to deal with the
exponential term and then repeated application of Lemma, 2. Naturally, once
one has obtained the extensions to arbitrary V the arguments are then more
or less the same as in Lo and Weng (1989). O

REMARK 3. Note that the Laplace functional of G(dula + Y1) v, 5)
is,

[L+ B(wi) f (o))

s

Lga,g (f)

=1

REMARK 4. The random measure
n
an() = [ B alds) + 3 8 () Eil {o; € ),
: i=1
where Fy,..., E, are iid exp(l) random variables, has precisely the distri-

bution G(du|a + Y1 0y;, 8*). In many applications

/v 8" (v)ya(dv)

is of order n. When this is true, the second term

n

pn () =Y B (vi) Bil{v; € -},

i=1

may be used as a Bayesian bootstrap type approximation to the posterior law
G(dp|la + Y7 0y;, B). See Lo (1992) and references therein. This follows
since,

Sup [t (€) = in(O)] < [ B (0)7a(do)
cec Vv

for C a suitably rich V-C class of sets.
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4. Semiparametric Hazard Rate Mixture Models

4.1 Conditionally independent models. Suppose that one has the follow-
ing model

n(j

)
/ij(Tjianiag)Nj(dvji)]

L(p,0) = H[
j=1 [i=1

xexp{= [ | [ ¥k (5,0.007(ds)] it |

where kj, j = 1,...,q are known (7, a)-integrable kernels depending on a
Euclidean parameter § € © and (y1,. .., ty) are unknown sigma-finite mea-
sures, 1j; are observations in a region and vj; can be viewed as missing
observations. Yj(s) are non-negative predictable functions which for many
applications in event history analysis denotes the number of observed in-
dividuals still at risk just before time s. An important point is that the
strucutural form of L(ju,#) remains the same under right censoring and left
filtering [see Andersen, Borgan, Gill and Keiding (1993)]. If Y;(s) = 1 then
the model may correspond to the likelihood of ¢ conditionally independent
inhomogeneous Poisson processes with respective intensity rates

At 0) = [ ky(t,0,0)u;(dv) (7)

for 7 = 1,...,q. If in addition ¢ = 1, then this essentially corresponds to
a Poisson/Gamma random field model proposed in Wolpert and Ickstadt
(1998a). The model L(u,#), with the exclusion of the Euclidean parameter
0 and V restricted to the real line R is proposed in Lo and Weng (1989) to
model the hazard rates (intensity) A; as a mixture of k; and the unknown
measure j;. That is, if k; is an integrable kernel then

At = [ k(e 0)us(av)

The authors in addition model (1, ..., iq) as a priori independent weighted
gamma, measures.

Here the vector p = (p1,...,Hq) is modelled as a mixture of weighted
gamma measures. This prior specification is an analogue of the mixture of
Dirichlet process models developed in Antoniak (1974). Let 8 = (6,,...,60q)
be a Euclidean vector with prior distribution denoted as 7(df). In addition
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(t41, - -, ftq) are chosen to be conditionally independent given 6 with p;(0 ~
G, g.8;6(dpj) for j=1,...,q. Thus, the law of u|0 is,

dﬂ’|0 H ga] o,ﬂ]o(d:u‘])

Hence, the (marginal) law of y is expressible as

q
w(dp) = [ 1L Goy0 oty e(d0)
j=1

Now set, v; = {vj;,i = 1,...,n(j)} and v = {vy,...,v,} and define the
finite measure

q

m(dv|p,0) H H pj(dvj;) = H m(dvijlps, 0).

j=11i=1 j=1

A joint measure for V, u, @ is given as,
m(dv,du,d) = n(dv|0, u)m(dp|0)r(db).

To complete the Bayesian model, let T; = {T};,i = 1,...,n(j)}, and T =
{T1,..., Ty} where T|u, & has (partial) likelihood L(x,6). Based on L(u, 8),
a (partial) likelihood of T|V, i, 6 which incorporates the missing data,V, is
given as follows,

¢ [nG) ]
LV,,0) = ] [H kj(sz'aniag)Nj(dei)J
j=11]i=1

Xexp{ /[/Y (s,0,0) (ds)] uj(dv)}.

Now define for j =1,...,q,

/3]0( )

Biolv) = [1+ B9(v)f;(v]0)])’

(v]0) = /Y (s,v,0)7(ds),

Ej(6) = exp {— [ 01+ Bar w0 ajoldo) }
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and,
n(j) i—1
m(dv3|9) = H (aj’g + Zdvjl> (dvﬁ).
i=1 =1

A characterization of the posterior distribution of u, 8|T, which identifies the
marginal conditional distribution of the missing data V|T,f is now given in
Lemmas 3 and 4 and Theorem 2 below. Applying Theorem 1, the following
lemma, is immediate,

LEMMA 3. For j =1,...,q, let g(v;,1j) be a non-negative or integrable
function, then for each f; € BM(V),

[ aimexp{ = [ (6l00md) } w(av; ;. 0)m(an )
= B;(0) [ glvi ) nldpslv;. 0)(av;16),
where the posterior distribution of jij|v;,0 is

n(j)
m(dujlvi, 0) = G(dpjlaj e + Z 5@:'”5;,0)’
i=1

and the marginal measure for v;|0 is,
n(j)
wavil) = [ T s @506 .5 1)
{n(ﬂ') '|
= 1[I Bio(vji) | m(dv;|6).
=
The joint posterior distribution V, u|T, 6 is given as follows,

LEMMA 4. Suppose that T|V,u,0 is proportional to L(V,u,0) then a
joint posterior distribution of V,u|T,0 is given as follows,

q n(j)
W(dvadu|97 T) = H g(d,uf]|a],6’ + Z 5vji76;f,0)7r(dvj|Tj70)7
j=1 i=1
where for j=1,...,q,
1Y) kS (Tyi, 55, 0)] m(dv;16)
m(dv;|T;,0) = [ = ] :

D;(T|6)
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with,
D;(T|9) = /W) [Hk Ty, 05,0 ]m(dvj|9),

and

K} (Tjiy vji, 0) = kj(Tjiy vji, 0) 85 g (vji)-

PRrROOF. The result follows from Lemma 3 and the use of a disintegration

argument as in Lo and Weng (1989). O
Define,
q
D(T) = [ | TLE,(0)D;(T10) | m(as).
7j=1

A characterization of the joint posterior behaviour of V, i, 0|T is given be-
low,

THEOREM 2. Let g(v,pu,0) be an arbitrary non-negative or integrable
function then a joint posterior of V,u,0 given T is characterized by,

/g(v,u,ﬁ)ﬂ'(dv,du,dﬂT) = / [/g(v,,u,@)w(dv,d,uw,T) 7 (df|'T),

where the joint posterior distribution of V,u|T,0 is,

q n(j)
w(dv,dul0,T) = ] G(dpslejo+ > 6u,is Big)m(dv;| T, 0),
=1 =1

and
([T, E(6)D;(T16)] =(d6)
D(T) ’

7(dO|T) =

denotes the posterior density of 6|T.

PROOF. Lemma 4 provides the form of the posterior conditional on 6
and T. The only remaining difficulty involves obtaining the expression for
m(d@|T). This is identified via Bayes rule as,

m(dT|0)r(d0)
Jra m(dT|0)m(d0)

(df|T) =

where

w(@T)0) = C [ L(u.0)r(dulo).
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and C is a constant independent of §. Now one simply applies Lemma 1 and
Theorem 1. O

REMARK 5. Naturally, if each model j depends on a separate subcom-
ponent of 6, say 6;, and

m(df) = H m(db;),

i=1
then the posterior of 0|T is,

q
m(dO|T) = [] = (db;|T;),
j=1

with obvious adjustments to the corresponding expressions above. In ad-
dition, notice that unlike the case for the distribution 7(dv,du|d, T) the
quantities H?:1 E;(8) do not cancel out in the numerator and denominator
since they depend on 6.

4.2 Models depending on a common u. In the previous section, the haz-
ard rates (7) are modelled based on q different mixing measures (1. .., ttq)-
However, there are some instances where this assumption may not be ap-
propriate. Let us consider the model,

n(5)

=1

L(:U‘vo) = ]f[{

/v ki (Tjis Vign(j—1)s 9)M(dvi+n(j1))J

Xexp{—/ [/SY]-(s)kj(s,U,H)T(ds) u(dv)}

where n(0) = 0. Furthermore the missing data is denoted as v = {v1,...,vn}
where N = Y7_, n(j).

This framework includes the Cox regression model discussed in section
1.1. This is seen by setting ¢ = n, and n(j) = 1 for j = 1,...,n. More details
are given in section 6. See also Andersen, Borgan, Gill and Keiding (1993), in
particular Chapter VII, for possible applications to general semi-parametric
regression models. The model could also represent a deconvolution problem
where recovery of pu is of primary interest but one only observes partial data
through ¢ different types of filters k;,57 = 1,...,¢. As such, this framework
can be applied to positron emission tomography (PET) problems discussed
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in chapter 3 of Snyder and Miller (1991). Now analogous to the previous
section define,

ey Bo(v)
B) = T By ol )
0= | DL
s = I’
and
E(0) = exp {— [ i1+ o)1) Oéa(dv)} . (9)

In addition define,

m(dv|f) = H (ozg + Z 5vz> dv;),

i=1

D(T|9) = / [HHk* Ty, V1 (1), 9)] m(dvl6),

j=11:=1

and for j =1,...,¢q,
kj(t,0,0) = kj(t,0,0)5" (v).
The posterior model is now summarized in the following theorem,

THEOREM 3. Let g(v,u,0) be a non-negative or integrable function, then
the joint posterior distribution of V,u,0|T is characterized by

N

Jov,11,0) (v, dp, dBIT)= 9w, 110)G Ao+ 8 55 w(¥| T, 0)(d0| ),
i=1

where the posterior distribution of V|T,0 is,

[ 31':1 H?:(]i) k;(jwji’UH»n(jfl)a 9)] m(dv|0)
D(T|0)

7(dv|T,0) =

and the posterior density of 0|T is,

D(T|0)E(6)x(db)

0T = T DIT(6) B (0)x(d)
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PrOOF. The proof follows from arguments similar to the proof of Theo-
rem 2. O

4.3 Semiparametric Dirichlet process models It was noted earlier that
Lemma 2 implies Lemma 1 of Lo (1984) for the Dirichlet process. In this
section a connection between the respective posterior distributions of mix-
tures of gamma and Dirichlet processes in the semiparametric setting is
given. Note that the joint distribution of V,0 given T may also be written
as

7(dv,df|T) < E(# [H By (v;) ] (dv|T,8)n(d)
where,

v(dv|T, 6) [H I % (Tji vign—1)s 9)] m(dv|9). (10)

j=11:=1

The significance of this representation is that the density v, for fixed 6,
is virtually indistinguishable from a density which may have arisen from a
Dirichlet process mixture model. Note however that in the gamma process
setting (10) allows for o -finite a. The following corollary follows from an
application of Lemma 2 and arguments similar to the derivation of Theo-
rem 3.

COROLLARY 1. Suppose that P is a probability distribution which given 6

is modelled as Dirichlet process with finite shape parameter ay and consider
the likelihood,

[H/k Tjis Vign(j—1)> O) P(dviypn—1)) | - (11)

Then v(dv|T,0) is the posterior distribution of the missing data V under
the above model (11).

In other words, the presence of E(6) and 3 constitute the major dif-
ference between the posterior distribution of the missing data V,0 under a
gamma, process model as opposed to similar missing data models under a
Dirichlet process model. It will be shown how this fact may be used in the
context of the proportional hazards model.
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5. Partition Representations

The results in Theorems 2 and 3 allow one to compute expressions for
Bayes estimation for a variety of functionals of (u, ) including as special
cases hazard rates and other linear functionals. The partition representa-
tions given in Theorem 2 of Lo (1984) and Theorem 4.2 of Lo and Weng
(1989) can be used to simplify the complicated resulting multifold integrals.
Their results carry over to this setting without any difficulty since these
representations are independent of the dimension of V. Here this result is
discussed in relation to Theorem 3.

Let p = (C1,...,Cn(p)) denote a partition of size N(p) of the integers
{1,..., N}, let ¢; denote the cardinality of each cell C; for [ = 1,..., N(p).
A Chinese restaurant partition distribution on the integers {1,..., N} with
positive scalar parameter w has the density
WwN®) VP (¢; — 1))

MY (w+i—1)

This distribution arises in a variety of applications and can be described
via a sequential seating of customers, labelled {1,..., N}, to tables or cells
Ci, [see Aldous (1985) and Pitman (1996)]. It will be shown shortly the
connection between (12) and the posterior distributions in Theorem 3. As
mentioned in the introduction Brunner, Chan, James and Lo (2001) [see
also Lo, Brunner and Chan (1996)] discuss a Weighted Chinese Restaurant
computational scheme exploiting the partition structure p. An analogue of
their Theorem 2 for the models in the previous section is presented. First,
because of the complexity of the model additional sub-cells are introduced
which do not appear in Brunner, Chan, James and Lo (2001). That is, for
I=1,...,N(p) and j =1,...,q, let Cj; denote sub-cells such that

q(plw) = (12)

— 119
C = szlel.

where for each fixed j, Cj C {(4,1),...,(4,n(j))}. The notation i € Cj
is used to mean that i corresponds to a pair (j,7) where (5,7) € {(j,1),...,
(7,m(7))}. In addition, define,

j=1eC

D(T|p,0) H / [H H k5 (Tjiy v, 9]&9((&))

After a bit of accounting a close examination of the arguments in Brunner,
Chan, James and Lo (2001) [see also Lo, Brunner and Chan (1996)] combined
with Theorem 3 gives the following result,
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THEOREM 4. Suppose that V|T,0 is distributed as w(dv|T,0) as in
Theorem 3, then the conditional distribution of V|T,0,p is such that the
sequence Vi,...,Vn consists of N(p) unique values V* = (V{,... ,V]’\‘,(p))
which are independent with respective distributions,

10 Tiec,, 5 (Tji, V', 0)] e (V")
Sy [T Tiecyy, B (Tjis 0,0)] cvp(dv)

forl=1,...,N(p). In adddition, the posterior distribution V,u|T,0 given
i Theorem 3 is representable as,

m(dV’|Ch) =

N(p) N(p)
m(dv,dp|T,0) o< Gdulag + Y eidy:, ) [ w(dVi*|Ci) W (pl6),
i=1 i=1

where,
D(T|p,0)q(p[1)
>p D(TIp,0)q(p[1)

is a posterior distribution of p|T,#.

W(pl|0) =

Similar to Theorem 4.2 of Lo and Weng (1989), Theorem 4 implies for
instance that the posterior expectation of A\;|T,§ is

B (1, 0)T,0) = 52, (fy k5 (1,0, 0)ap (do)
+ S0P e fy K (1,0, 0) m(dv|C)) W ().

(13)
In addition,
D(T|p,0)E(0)r(dO
H(d|T.p) — — DT OEO)r(do)
Jra D(T|p, 0)E(6)m(d6)
Note that conditional on p and T, the distributions of V* and 8 resemble

parametric posterior distributions. This section is closed with an analogous
result for V|T, § having distribution v as in (10).

THEOREM 5. Suppose that V|T,0 is distributed as v(dv|T,0), then the
conditional distribution of V|T,0,p is such that the sequence Vi,...,Vy
consists of N(p) unique values V* = (V¥ ..., V];‘}(p)) which are independent
with respective distributions,

[T Tiecy, ki (T, Vi*, 0)] co(dvy?)
Jy [H?;l iecy, #i(Tji v, 9)] crp(dv)

™, (dV'|Cy) =
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forl=1,...,N(p). Furthermore, the posterior distribution of p|T,0 is,

N(p) q
W, (plf) x q(p|1) H / [H H k; TJZ,U,GIO[g(dU)

Jj=1ieCj;

REMARK 6. If one reparametrizes the shape measure «y as
ag(-) = wGo()

for w a positive scalar quantity and Gy a sigma-finite measure, then one
replaces ¢(p|1) and « by ¢(p|w) and Gy respectively in the expressions above.
This is similar to the form used in Brunner, Chan, James and Lo (2001).

6. Posterior Analysis for the Cox Regression Model

In this section it is shown how the results in sections 4.2 and 5 give
an explicit posterior characterization of the Cox regression model (4). It is
also shown how the iidWCR methods discussed in the introduction might
be applied to approximate posterior distributional quantities.

The posterior characterization of the Cox regression model denoted as
m(dv,du,dn|T) can be expressed either via the partition representations
given in Theorem 4 or alternatively using Theorem 3. Specifically this is
seen by first settiing ¢ = n, N =n, 0 = n, ap(-) = a() and n(j) = 1
for j = 1,...,n. Without loss of generality, further set a(-) = wG(-) as in
Remark 7. It then follows that,

n
(vln) = Zexp{ntZl}/ k(u,v)du
=1 [T}:oo

and
ki (Tj,v,m) = exp{n' Z;}k(Tj,v) B (v).

The necessary expressions for f;(v) and E(n) can be deduced from (8) and
(9).

The above quantities placed in Theorem 3 or 4 give an explicit char-
acterization of the Bayesian Cox models presented in section 1.1. Now it
is shown how special features of the Cox model, (4), allow one to simplify
matters further. Notice that since

ki (Tjlv,m) = k(Tj,v) exp{n’ Z;}, (14)
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it follows that

L(dVHC)) o {H k(T } (dV}¥). (15)

eC

In addition, W, (p) is defined as in Theorem 5 with k7 (7}, v,6) replaced by
k(Tj,v) as
W, (p) o q(p|lw) D, (T|p)

where

D,(T|p) = H/ ngU} dv).

Note importantly that 7, and W, do not depend on 7. Now define a distri-
bution for 7 as,

n(p)

m,(dn|T,p) o< w(dn) [ ] exr{n'Z;}, (16)
=1 jeC,

and let,
n(p)

h(V*n) = E(n) ] 16, (V)]
=1
Notice that although the distribution in (16) is written to denote dependence
on p it is actually invariant under all choices of p. In addition, h(V*,n) is
equivalent to the Laplace functional of G(du|a+ ZZT-L:(‘{) eidy:, B) evaluated at

f(:|n), multiplied by
n(p)

[T . (17)

=1

Now due to (14), an application of Theorem 3 and Theorem 5 yield the
following result:

COROLLARY 2. The posterior distribution m(dv,du,dn|T), may be writ-
ten as
m(dv, dp, dn|T) oc m,(dv, dp, dn| T, p)W, (p),

where,

n(p)

7Ty(dV,d/.L,d7’]|T, p) X g(dﬂ|0€ + Z 6251):7ﬁ*)h(V*aT’)WV(dV*|p)7rV(d77|T7 p)
i=1
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and,
n(p)

T (dV*Ip) = [[ m(dV;*|Cy).
=1

Let E, denote expectation with respect to m,(dv,du,dn|T,p). Now let
Elg(V, u,n)|T] denote the posterior expectations of integrable functionals
g(V,p,n) taken with respect to m(dv,du,dn|T). Corollary 2 implies the
following equivalance;

Elg(V, 1,n)|T] = s(p) W, (p) (18)

for the choice
s(p) = Eu[g(V,1,1)|T, p)]-

Corollary 2 is tailor-made to take advantage of the stucture (14) in the
Cox model. It may be seen as a variation of the change of measure idea
given in Brunner, Chan, James and Lo (2001). The significance of corollary
2, in terms of computational approximations, is that in many applications
m,(dV*|p) and m,(dn|T,p) will be easy to draw from. At the same time
these models incorporate much of the information given in the true posterior.
Oftentimes 7,(dV*|p) will be based on conjugate models. In particular,
the important models based on kernels, (1) and (2), are made conjugate
by the choices of «(-) (or S(-)a(-)) proportional to a Pareto and gamma
distribution respectively. The model 7, (dn|T, p) coincides with a parametric
Bayesian model. The main task then reduces to obtaining draws of p from
a distribution close to the W, (p). This may be accomplished by applying
directly the (nonparametric) iidWCR mentioned in the introduction.

Now for clarity some additional notation is introduced. For r > 1, let
Pr = {Cr1,- -+, Cy n(p,)} denote a partition of {1,2...,r}, where C,.; denotes
the current configuration of table 7 after r customers have been seated and
er; denotes the number of customers seated at C,; . The partition p,1;
then denotes the (updated) one step larger partition on {1,2,...,r + 1}.
Also, m,(du|Cy;) is defined as in (15) but is now based on {Tj : j € C,.;} for
i=1,...,n(py). Further, define

n(pr)
W Cri
Ur) = =2 [ k(T1,0) Go) + 30 2 [ KTy, 0) mdo]Cr),
=1

where in particular

1(0) = g/Rk(Tl,v)G(dv) :/Rk(Tl,v)G(dv).
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One can now use the iidWCR procedure in Brunner, Chan, James and Lo
(2001), to produce iid draws of p, based on the following sequential “seating”
algorithm:

6.1 WCR seating rule.
STEP 1: Seat the first customer to a table with probability

o) _
o ="

~

STEP (r 4+ 1): Given p,, customer r + 1 sits at table C,; with probability

€r,i % fR E(Tri1,v)m, (dU|C7",i)
w+r I(r)

Pr(pytilpr) =

)
where p,41 = prU{r+1¢€ C,;} for i = 1,...,n(p,). Otherwise,
customer 7 + 1 sits at a new table with probability

w y Jr k(T 41,v)G(dv)
w4 I(r)

Pr(pryilpr) =

The completion of Step n produces a p = {C1,...,Cyp)} = Pn, where
now p is drawn from the WCR density ¢, (p|w, k) which satisfies,

L(p)qv(plw, k) = q(p|lw)D.(T|p),

where
L(p) = H I(r—1).
r=1
That is,
W, (p) < L(p)qv(p|w, k). (19)

This fact implies that for any integrable function s(p),

_ 2ps(P)L(P)av(p|w, k)
2 s PIWP) = = e o )

(20)

Using corollary 2, (18), (19) and the iidWCR, one can now use the fol-
lowing iid procedure to approximate posterior distributional properties of
the Cox model:
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6.2 an wdWCR algorithm for Cox regression model.

1. Draw B iid values p(b) from ¢, (p|w, k) and calculate L(p(b)).
2. Given p®), draw V*® from m,(dV*|p®).
3. Draw ) from 7, (dn|T, p®)

Now for instance to approximate E[g(n)|T]| use,

21 o)AV 5O Lp®)
Y1 h(V*O), ()) (p®)
The choice g(n) = I{n € C} corresponds to the posterior probabilty that

the regression coefficients are in a region C. From (13), the baseline hazard
estimate F[\(¢|x)|T] can be approximated by

S8 g(VEO O pYp (V) )L (p®)
S 2 h(VFO) n®)L(p®) ’

where

n(p)

9(V*,n,p) = w/Rk(t,v)ﬁZ(v)G(dv) + D ek (t, V)8, (V7).

=1

Approximations for products of general linear functions of ;4 may be car-
ried out in a similar fashion. Ishwaran and James (2000), provide a general
discusion on how to additionally approximate the posterior distribution of
p and related functionals. Wolpert and Ickstadt (1998a, b) also discuss a
method to obtain draws from a weighted gamma distribution which can be
applied here as well. The above algorithm can be easily modified in the spe-
cial cases where direct incorporation of 5 and E(n) pose no extra difficulties.
For instance if (5(-)c(-)) is conjugate then one multiplies 7, (dV*|p) by (17),
in step 2, and adjusts ¢, and h accordingly.

REMARK 7. Note that because of (14), iidWCR approximations for the
Cox regression model can be obtained by using the nonparametric meth-
ods in Brunner, Chan, James and Lo (2001). In general, the methods in
Ishwaran and James (2000) are more directly applicable for semiparametric
models. For instance, models based on kernels such as (5) and (6). Clearly
other computational procedures which take advantage of the explicit poste-
rior characterizations may be used here as well.
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REMARK 8. In general it is assumed that the kernels generates a smooth
hazard. For Poisson process models the likelihood L(u,#), and hence the
calculus, is valid for discrete choices of k.
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