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The Adjustment of Consumption to Changing
Expectations about Future Income

Marjorie A. Flavin

University of Virginia

The paper analyzes the role of current income in providing new
information about future income and thus signaling changes in
permanent income. Using time-series analysis to quantify the revi-
sion in permanent income induced by an innovation in the current
income process, a structural econometric model of consumption is
developed. The rejection of the joint rational expectations—
permanent income hypothesis is both statistically and quantitatively
significant. The paper also shows that the test of the rational
expectations—permanent income hypothesis proposed by Hall is
based on the reduced form of this structural model and reconciles
Sargent’s consumption paper with Hall’s.

Because the path of future income is uncertain, the individual’s per-
manent income and, therefore, his consumption plans will be revised
period by period as new information about future income becomes
available. Under the assumption that individuals hold rational ex-
pectations of future income, the stochastic properties of these
period-by-period revisions in permanent income can be exploited in
order to formulate testable restrictions on the joint time-series be-
havior of consumption and other observable variables.

This paper first reviews the econometric tests of the permanent
income-rational expectations hypothesis proposed by Hall (1978) and
Sargent (1978), then develops and executes an alternative approach
to testing the hypothesis. Section I formally defines permanent in-
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come and derives the basic implication of the permanent income—
rational expectations hypothesis: If consumption is proportional to
permanent income in each period, and permanent income, in turn,
represents the best estimate, given currently available information, of
the individual’s lifetime resources, then current consumption should
diverge from consumption in the previous period by the amount of
the contemporaneous revision in permanent income.

The published papers of Hall (1978) and Sargent (1978) both
analyze this predicted relationship between consumption, lagged con-
sumption, and the revision in permanent income, conditional on
lagged information sets.! The two papers reach conflicting empirical
conclusions, Hall confirming and Sargent decisively rejecting the
permanent-income hypothesis. Section II argues that an incorrect
definition of permanent income used in Sargent’s formulation of the
restrictions is the source of the discrepancy and shows that Sargent’s
analysis, once the definition of permanent income is corrected, leads
to the same parameter restrictions tested by Hall.

The restrictions tested by Hall and Sargent apply to regressions in
which all of the right-hand-side variables are lagged at least 1 period
with respect to the dependent variable, consumption. By analyzing
the expectation conditional on lagged information sets, their ap-
proach makes use of the property that the revision in permanent
income should be uncorrelated with lagged variables. The Hall-
Sargent tests can be thought of as tests based on a reduced-form
consumption equation, since a reduced form expresses the expecta-
tion of an endogenous variable, conditional on predetermined vari-
ables.

This paper takes an alternative approach to testing the permanent
income-rational expectations hypothesis by explicitly specifying a
structural model of consumption. The model developed in Section 111
analyzes the role of current income in providing new information
about future income and thus signaling changes in permanent in-
come. The model is intended to underscore the point that the ob-
served sensitivity of consumption to current income should not be
interpreted simply as the behavioral marginal propensity to consume

! Bilson and Glassman (1979) consider some extensions on the model which I
develop in this paper; Bilson (1979) reports comparative estimates of the model applied
to data for the United States, United Kingdom, and Germany. Barro (1978) has also
addressed the question of whether certain variables affect consumption only through
their role in predicting future income. Recent empirical work on consumption by
Blinder (1981) incorporates explicit treatment of the expectations of future income in
the permanent-income model. Blinder’s analysis concentrates on measuring the re-
sponse of consumer expenditure to temporary changes in taxes rather than testing the
permanent-income hypothesis itself. Hayashi (1979) also tests the permanent-income
hypothesis and finds that consumption is more sensitive to current income than pre-
dicted by the hypothesis.
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out of current income. Because income is a fairly highly serially
correlated process, the fluctuations in current income will be corre-
lated with fluctuations in permanent income. Formally, the model
uses an autoregressive—moving average (ARMA) representation of
the income time series in order to quantify the magnitude of the
revision in permanent income implied by the contemporaneous ob-
servation of current income. The forecast error, or innovation, in the
income time-series process represents the new information contained
in the current observation on income. Based on the realization of the
current innovation in the income process, individuals revise their
expectations about future income. The magnitude of the revisions in
expectations of future income in response to the realization of the
current innovation depends on the parameters of the ARMA repre-
sentation of the income process. Therefore, the revision in perma-
nent income in a given period will be proportional to the innovation
in current income, with the factor of proportionality determined by
the parameters of the income time-series process. Following this ap-
proach, one can specify a structural equation relating the change in
consumption to the contemporaneous revision in permanent income
(modeled using the income innovation) and the change in current
income. The coefficient of the change in income is a measure of the
behavioral marginal propensity to consume out of current income,
since the role of current income in signaling changes in permanent
income has been explicitly modeled. The permanent income-rational
expectations hypothesis can then be tested by testing whether the
marginal propensity to consume out of current income is significantly
different from zero. Having developed a test of the permanent
income-rational expectations hypothesis in the context of a simple
structural econometric system, it is easy to show that the Hall-Sargent
test is the equivalent test based on the reduced form of the system. If
the structural system is just identified, the test based on the structural
system and the Hall-Sargent test based on the reduced form yield
numerically identical values of the test statistic for the permanent
income-rational expectations hypothesis. While the structural ap-
proach to testing the hypothesis is not statistically more powerful than
the reduced-form approach, it is considerably more illuminating,
since it permits the recovery of the structural parameters of the
system.

The empirical results indicate that the observed sensitivity of con-
sumption to current income is greater than is warranted by the per-
manent income-life cycle hypothesis, even when the role of current
income in signaling changes in permanent income is taken into ac-
count. The restrictions implied by the permanent income-rational
expectations hypothesis can be rejected statistically at very high
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confidence levels. Further, the estimates of the marginal propensity to
consume out of current income are quite large, indicating that the
failure of the permanent-income hypothesis is quantitatively, as well
as statistically, significant.

I

In its simplest form, the permanent-income hypothesis holds that
individuals ought to gear their consumption to their lifetime re-
sources rather than to their measured income in some arbitrary time
period. To start with a particularly simple case, consider the con-
sumption behavior of an infinitely lived individual in a world in which
the return to real wealth is certain and constant over time. The total
resources available to the individual for current and future consump-
tion consist of current real wealth, w,, plus current and future labor
income, x;, s = 0, 1, 2, . . ., . Labor income is assumed to be
exogenously determined. The individual’s lifetime resources can be
represented in either stock or flow form—the stock form being net
worth, or the sum of real wealth and the present discounted value of
current and future labor income, and the flow form being permanent
income, or the annuity value of net worth.

Since the path of future income is not known with certainty, the
individual must make his consumption plans on the basis of some set
of expectations about future income. Given the expectations about
future income held in period ¢, the individual’s permanent income
can be expressed as

©

£ S5t

) tx] (1)

In this discrete time formulation, w, represents real wealth at the
beginning of period ¢; x, is assumed to be paid at the end of the
period; and the real rate of return, r, is assumed constant.

Permanent income can be thought of as the constant resource flow
which, conditional on expections in period ¢, can be sustained for the
remainder of the individual’s time horizon. Thus, permanent income
ought to have the property

Et}’fﬂ =y5’. (2)

To verify that permanent income, as specified in equation (1), has
this property, note that real wealth will evolve according to

Wy = (1 + r)w, + x, — 97 (3)

if the individual’s consumption is identically equal to his permanent
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income in each period. Therefore, y?,; will be related to y? according
to the equation:
- NV
J’fﬂ—r[(l +r)w,+x,—yf’+2(
$=0

1+

s+1
) E i 1Xeist 1]~ 4)

Rewriting equation (4) to separate out the component based on
information which becomes available after time ¢ and rearranging
gives:

Vo = 7{(1 + 7)[10: + Z)(l _1+_ r)SHEtst] —

(5)

]

1 s+1
+ z (ﬁ) (Et4r — Et)xt+s+1}-

$=0
Substituting in (1/r)(y?) for w, + 32, [1/(1 + r)FEx,. ¢ gives:

0

yp _ " z 1 s+1 E _ E 6
t+1 y? r 1 +7 (Et+1 ) Xt rs+1- (6)
$=0

If the expectations of future income are rational, the expectation of
next period’s revision in expectation, (Eqt; — E)X¢141, 1S zero. Thus,
Et)’]tﬂﬂ = yf’

Allowing for a stochastic, or transitory, component of consumption,
the consumption function for the representative individual becomes

¢ =y + u, or

= 1 s+1
¢, = rjw, + ( ) Etxt+ jl + Uy, (7)
t [ t ;::0 1+7r s

where the error term u, represents the transitory component of con-
sumption. Solving for ¢, in terms of ¢, given the wealth constraint
wWery = (1 + 7)w, + % — ¢, gives:

el 1 s+1
Cepr=cC + 1 Z (1 T r) (Etyr — E)xppser — (1 + 1)U + Uy (8)
$=0

Note that the coefficient of u, is not —1 but —(1 + 7). Strictly
speaking, permanent income and consumption will evolve as random
walks only if the transitory consumption term is identically zero, u, =
0. Since permanent income represents the constant flow which can be
sustained without changing net worth (in the infinite horizon case),
consumption in excess of y” in a given period reduces next period’s
net worth by u, and the annuity value of net worth, y£,, by ru,:

1 s+1
P =+ Y (7o) Eenr = Edisses = e (9)

$=0

0
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The remainder of the paper discusses two approaches to testing the
permanent income-rational expectations hypothesis. Both ap-
proaches take as their starting point the predicted relationship ex-
pressed in equation (8) between consumption, lagged consumption,
and the revision in the expected lifetime budget constraint attribut-
able to new information available since last period.

IL. A Reconciliation of the Hall and Sargent Papers

Sargent substitutes average discounted expected future income, (1 —
a) 22 a’Egy,, 5, where a represents the discount factor, 1/(1 + r), into
the consumption function ¢, = By} + u,, to yield (p. 687):

c=B(1—a) > a’Eyp; + . (10)
=0

This section argues that average future income is not an appropriate
definition of permanent income and that once the definition of per-
manent income is corrected, Sargent’s analysis leads to the same
parameter restrictions as those tested by Hall. Briefly retracing Sar-
gent’s derivation of the restrictions, average future income for date ¢
is expressed as a weighted average of current income and average
future income for date ¢t + 1:

¢ = B[(l —a)y+(1-aad ajE,y,HH] + (11)
=0
Since consumption in period ¢ + 1 will be proportional to average
expected future income in period ¢ + 1, according to Sargent’s
specification, this equation can be written equivalently as

o = B[(l — Wy +a (—*E‘C‘“ Lt )J + (12)
or
¢ = aEwery + B(1 — @)y, + u, — aEauyy,y (13)

(Sargent’s eq. [18]).

Equation (13), projected on information available at time ¢ — 1, is
the restriction imposed across the autoregressive representations of
consumption and income:

1 - 1
E(ice4y = —clx—Et—lCt - B(—;a—)Ez—lyt - zEt—lut + Eqtery. (14)

Rather than restrict the marginal propensity to consume (MPC) out
of permanent income to be one, as in Section 1, Sargent uses the more
general consumption function ¢, = By? + u,. The basic point—that
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discounted future income is not the appropriate definition of perma-
nent income—is not affected by relaxing the restriction that B = 1. In
order to accommodate Sargent’s more general consumption function,
the analysis of Section I will be generalized to allow for an unre-
stricted MPC.

Based on the definition of permanent income as the annuity value
of net worth, equation (1), and the consumption function with unre-
stricted MPC, ¢4, will be related to ¢, as follows:

d 1 \st!
¢er = [1 +7(1 = B)le, + 7B z (m) (Etrr = E)xppser (1)

$=0
— (1 + r)us + ugqy.

If B # 1, consumption will be a random walk with drift instead of a
simple random walk. Taking the expectation in period ¢ — 1 gives:

Eiicepr=[1+7(1 =B)IE, ¢, — (1 + )Eus + E¢_yupyy. (16)

In comparing equation (16) with Sargent’s equation for E,_ ¢4y, (14),
remember that l/a = 1 + r.

The presence of the term B(1 — a)E,_,y, in Sargent’s equation for
E, ¢4+, 1s an artifact of his definition of permanent income as average
future income. Sargent’s income series, y,, is disposable income and
therefore includes future nonlabor income as well as future labor
income. However, the present discounted value of the future path of
nonlabor income is not equal to current nonhuman wealth. Consider
the definition of permanent income as the annuity value of net worth:

= 1 \st!
w=r {wt + z (1 T r) Etxt+s]y (17)
5=0

where x,, is future labor earnings. The nonhuman wealth term, w,,
could be expressed as the present value of a future stream of earnings
rather than as a current stock. Nonhuman wealth w,, if maintained at
that level forever, would yield a stream of nonlabor income of rw, each
period. Thus,

% 1 \st!
thZ(l +r) rw;. (18)

$=0

Note, however, that the nonlabor income in the present value term is
rw,, the future nonlabor income the individual would receive each
period if nonhuman wealth were maintained at w,. Expanding equa-
tion (18) to isolate actual nonlabor income in each future period, rw,,,
gives
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RN 1 ! = 1 s+t
w= 2 () e + 2 () e (19)

$=0

Equation (19) distinguishes between two conceptually different future
revenue flows associated with w,. The second term is simply the
present value of future nonlabor earnings, which of course depends
on the path of nonhuman wealth over time. The first term reflects
receipts from the sale of the wealth’s principal and payments to
increase the principal. By defining permanent income as discounted
future income, Sargent includes the second term but omits the first.
Since the individual will systematically accumulate and decumulate
nonhuman wealth over time in order to smooth his planned con-
sumption path, the first term in equation (19) will not be identically
zero or even constant over time. It is the omission of the term ¥,
[1/(1 + »)I¥* ' (w, — weys) from his definition of permanent income
which is responsible for the discrepancy between Sargent’s version of
the restrictions implied by the permanent-income hypothesis (eq.
[14]) and the corrected version of the restrictions (eq. [16]).

Sargent’s procedure is to impose the restrictions across the
parameters of the vector autoregression of (c;, y,) implied by equa-
tion (14). The unrestricted autoregression of (¢, y,) is:

E ¢ = C1Yt—1 t CoYpp + ... + CnYt—n
+diciy +dycig + ...+ ducin  (20)

and

EHye =Y t Ay + ...+ AnYt—n
+ blct_l + bzct_z + ...+ bnct_,,. (21)

Since E, ¢4y = GEeyye + oy + 000+ CnYt-n+1 + diEi ¢
+ dyci—y + . . . + dnCinss, substituting out for E,;y, and E, ¢
yields an equation for E, ¢4, in terms of y,_; and ¢,_;, 7 = 1, n, and
the a;, b;, ¢;, d; parameters. Substituting these autoregressive represen-
tations for E;_¢;, E4 1y, and E,_c,4, into equation (14) gives a set of
restrictions across the a;, b;, ¢;, d; parameters. These restrictions are
tested by estimating equations (20) and (21) with and without the
cross-equation restrictions imposed and computing a likelihood ratio
statistic.

Following Sargent’s procedure, but substituting the autoregressive
representations of E, ¢, and E,_,¢, into equation (16), the “cor-
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rected” version of equation (14), provides the following set of restric-
tions on the parameters of the (¢, y;) vector autoregression:

ca;, + ¢y +dic; =[1+r(1 —B)le,

C1n—y + cp + dicn—y = [1 + (1 — B)lcp_,y
¢ian + dyc, = [1 +r(1 — B)lc, (22)
by +d3 +d, =[1 +r(1 —B)ld,

Clbn—l +did,, + d, =[1+ r(1 — B)ldp—,
¢1by + did, = [1 + r(1 — B)1d,.

This modified set of restrictions could be tested, following Sargent’s
procedure, with a likelihood ratio test. However, rather than test the
restrictions in their present form, I will argue that the time-series
implications of the rational-expectations and permanent-income
hypotheses can be stated and tested in a simpler form.

The restrictions in equation (22) are based on the projection of
equation (15) on information known at time ¢ — 1. Projecting equation
(15) on information known at time ¢ instead gives

Ewpey = [1 +7(1 = B)le, — (1 + nuy + Equgyy, (23)

which is the time-series restriction tested in Hall’s paper. Hall assumes
that transitory consumption, u,, is identically zero. Therefore, as for-
mulated by Hall, the testable hypothesis implied by (23) is that other
variables dated ¢ — 1 or earlier have no additional explanatory value
in predicting ¢, if ¢,—, is included in the regression. That is, equation
(23) implies that

d,=[1+r1-B)],
di= O’Z: 2,. .. ,n (24)
¢ = O’i = 1,...,"

in the consumption autoregression (eq. [20]). The coefficient of
lagged consumption, d,, is estimated unrestricted. Presumably d, will
be close to one.

The parameter values given in (24) satisfy the modified version of
Sargent’s cross-equation restrictions (eq. [22]): If the parameters of
the consumption autoregression (¢;, d;) are set equal to the values
specified in (24), the equation restrictions stated in (22) all reduce to
the form 0 - @ = 0 or 0 - b = 0, so that the restrictions are satisfied for
arbitrary values of the parameters of the income process (a;, b;). That
is, imposing the restrictionsd; = 0,2 = 2,...,n;and ¢; = 0,:=1,...,
n, and estimating the income autoregression unconstrained would
satisfy the restrictions in equation (22).
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Note that Sargent’s procedure yields restrictions in the form of a set
of equations—one equation for each parameter of the consumption
autoregression. In Hall’s paper, however, the parameters of the con-
sumption autoregression are constrained to particular values—lagged
variables other than the first lagged value of consumption are con-
strained to enter with coefficients of zero. While correcting the
definition of permanent income makes the two sets of restrictions
consistent, in the sense that the set of parameter values in (24) satisfies
the equation restrictions in (22), there remains the issue of why the
two sets of restrictions are not identical in form.

The set of equation restrictions in (22) is derived by modeling E,_c,
as a general (unrestricted) autoregressive process, then solving for the
restrictions across the parameters of the consumption and income
autoregressions which are implied by equation (16). However, since
equation (23) is also an implication of the rational-expectations and
permanent-income hypotheses, no additional assumptions are re-
quired to restrict the consumption autoregression to a first-order
process. If the parameters of the consumption autoregression are
assigned the values implied by equation (23), the equation restrictions
in (22) all reduce to the form 0 = 0. That is, once the restrictions are
imposed within the consumption autoregression, no further restric-
tions are implied by the set of restrictions in (22). Thus the difference
in form of the two sets of restrictions, (22) and (24), is attributable to
the fact that, in deriving the restrictions in (22), E,_ ¢, is modeled as an
unnecessarily general autoregressive process.

At this point, the conflict between the Hall and Sargent papers
concerning the restrictions on the systematic part of the consumption
autoregression has been resolved in favor of Hall’s formulation. The
two authors also differ in their execution of the test, Sargent estimat-
ing the autoregressions with quasi-differenced data and Hall es-
timating the autoregression with the data in levels.

Referring to equation (15), note that the disturbance in the regres-
sion of ¢, on ¢,_; and other lagged variables will include a term which
represents the revision in permanent income in period ¢ as well as a
moving average of transitory consumption. Using &, to represent the
revision in permanent income,

& =1B i (T_}__r)Hl(Et — E¢ ) Xess, (25)
5=0

the consumption autoregression, under the null hypothesis, is:
¢ =[1+7r(1 =B)le,oy + & — (1 + Ny + u,. (26)

Hall assumes that transitory consumption, u,, is identically zero. In his



984 JOURNAL OF POLITICAL ECONOMY

analytical discussion, Sargent assumes u, is an AR1 process, u, =
pu,—; + o, and quasi-differences (26):

¢ = pcy =1 +7(1 = B)l(c,—y — pci—s)

+ & = péiy + o — (1 + ro,,. @7)

In the econometric specification of the test, however, Sargent assumes
that the disturbance in the consumption autoregression is uncorre-
lated with the regressors (p. 689). The disturbance will be uncorre-
lated with the regressors only if transitory consumption is identically
zero, since w, is correlated with ¢,_,. Quasi-differencing the data in-
troduces a moving average of the revision in permanent income term,
& Since Sargent in effect assumes away transitory consumption by
asserting that the error is uncorrelated with regressors, it seems more
sensible to leave the regression in levels and thus preserve the white-
noise property of the & error term.

The results of tests of the corrected version of the restrictions are
presented in table 1. Sargent’s Y, income variable was constructed as
Y, = GNP — capital consumption — state, local, and federal tax receipts
+ transfers; his consumption variable C was total personal consump-
tion expenditures. Both series are seasonally adjusted and measured
in constant (1972) dollars. For comparison, table 1 also includes simi-
lar tests using Hall’s income and consumption variables, which were
per capita personal disposable income and per capita expenditures on
services and nondurable goods. Hall’'s data were also seasonally ad-
justed and stated in 1972 dollars.? Following Sargent’s specification,
all regressions included a linear time trend, denoted ¢.

Sargent conducted his tests with the data in first differences, having
assumed the autoregressive parameter in the transitory consumption
process to be unity. Using differenced data, the test statistic for the
corrected restrictions was 19.492, which indicates rejection of the
hypothesis at the 99 percent confidence level but not at the 99.5
percent level. Testing the incorrect restrictions, Sargent reported (p.
696) a marginal confidence level of 1.000 when B, the MPC out of
permanent income, was constrained to equal .90. The marginal
confidence level of the test was only .697 when B was unrestricted;
however, the resulting point estimate was “highly implausible” (6.06
x 107).

For the reasons stated above, I think that it is more appropriate to
run the regressions in levels than in differences. With the data in

* While the data set used to rerun Hall’s regressions was constructed according to his
basic definitions of the variables, it is not an exact reproduction of his data set. The
data set used in table 1 differs from Hall’s because it incorporates subsequent NIPA
revisions of the latest observations and because a different price deflator was used to
deflate the income series.
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levels, the test statistic drops to 17.054, which is significant at the 97.5
percent level. The difference in sample periods does not affect the
results much.

The results are sensitive to the definition of consumption, however.
Using Hall’s data, which omit expenditures on durable goods from
the consumption variable, the test statistic drops to 12.04, which is
barely significant at the 90 percent level. Thus the difference in the
consumption variables used by the two authors accounts for a major
part of the gap between Hall’s results and those reported by Sargent.
Correcting the restrictions and omitting the autoregressive transfor-
mation of the data does have a noticeable effect, though, decreasing
the marginal confidence level from the 1.000 reported by Sargent to
97.5 percent.

III. The Role of Current Income in Signaling Changes in
Permanent Income

The model in this section is based on the notion that, in forming their
expectations of future income, rational economic agents will exploit
the fact that income is a stochastic process which exhibits a high
degree of serial correlation. Based on the observation that the current
realization of income is greater than anticipated, agents will revise
their expectations of future income, and therefore their permanent
income, upward. Further, the magnitude of the revision in perma-
nent income associated with the realization of a disturbance in current
income will depend on the parameters of the time-series representa-
tion of current income. In this section, the quantitative relationship
between an innovation in current income and the revision in perma-
nent income is derived for a general ARMA representation of the
income process.

This section uses the innovation in the income process to model the
period-by-period revisions in permanent income and develop a sim-
ple structural econometric model of consumption. The implications
of the permanent income-rational expectations hypothesis are tested
in the context of the structural model. The Hall-Sargent test of the
permanent income-rational expectations hypothesis is then shown to
be a test based on the reduced form of the structural model developed
here.

The Income Process

More formally, the time-series behavior of aggregate income is mod-
eled as an ARMA process which is driven by a series of independent
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shocks or “innovations” in the process.® Thus,

Ve = P11 T Pyt ...+ Py + €+
b€y + Poern + ...+ bo€r—q,  (28)

ory = [1 + M(L)I/[1 — A(L)le, where L is the lag, or backshift,
operator; A(L) = p,L + pL2 + ...+ p lP; M(L) = L + ¢pol2 + ... +
é,L% and € is a white-noise disturbance. The income variable is ex-
pressed in deviations from trend.

An ARMA model of order (p, ¢) can be equivalently characterized
as a pure moving average model of infinite order. That is, the time-
series representation

Ve =€ T 1€y t Yo€s + P35 + ... (29)
is numerically equivalent to the model

Ve = PYe-1 T PYe—2t ... F Py T €
t i€ + o€y + .+ be, (30)
for ¢, = ¢, + 2§=1 PPs— ;.
Expressed in the pure moving average form, the time-series model
summarizes the relationship between the forecasted value of the vari-
able and the realization of the disturbance term:

d)’t+s _ d)’t _
de,  de_, =¥ (31)

Since the disturbance terms are white noise by construction, the
expectation of all future values of € is zero. When the current forecast
error ¢ is realized, the predicted value of income at each date in the
future is revised proportionally to €:

Eyes — Ei 1Yivs = Ys€q. (32)

The present value of the revision, at time ¢, in the anticipated path
of future income is

> () B~ By = S irasful o3

§=0

# It should be emphasized that the paper uses the ARMA framework to quantify the
extent to which income is serially correlated only because the framework is a simple way
of describing the time-series behavior of income on the aggregate level. The treatment
of aggregate income as a stable ARMA process is not meant to imply that individuals
view income as pure time series in forming expectations about their future income. On
the individual level all that is assumed is that consumers will exploit the serial correla-
tion that characterizes their individual income streams. For instance, a student who is
unable to find a summer job realizes that summer jobs will probably be scarce next year
as well; the production worker who is currently laid off realizes that he may not be
rehired for some weeks; the stockbroker whose commissions have declined in volume
may expect his income to remain below normal for 4-6 quarters.
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In the infinite horizon case, the value of 33, [1/(1 + )y can be
calculated directly from the parameters ¢, p; of the ARMA (p, q)
representation of the process. It is shown in Appendix I that

5 )s%: 1+;(lir)f¢s | 4

Treatment of Unanticipated Capital Gains

In the simplest version of the model discussed in Section I, the return
to real wealth, r, was assumed to be constant. This assumption implies
that there are no unanticipated capital gains or losses on nonhuman
wealth. In the absence of unanticipated capital gains, future labor
income is the only component of permanent income which is not
perfectly predictable. In this case the period-by-period revisions in
permanent income would be modeled as proportional to the innova-
tions in labor income alone.

As an empirical matter, however, unanticipated capital gains and
losses on nonhuman wealth probably constitute a significant fraction
of the revisions in permanent income which this model is trying to
capture. The following discussion describes the construction of an
approximate measure of unanticipated capital gains on nonhuman
wealth.

Conceptually, the unanticipated capital gain on nonhuman wealth
could be defined as the present value of the revision in the expected
earnings associated with the current asset holdings:

1
1+

Nad s+1
capital gain in period ¢ + 1 = Z ( ) (Evvr — Eregwy,  (35)

§=0

where 7, is the rate of return to capital in period ¢ + s. The actual
path of nonlabor income, 7., will reflect both the “exogenous”
movements in the return to capital, r.,,, which we want to capture,
and the endogenous changes in earnings flows which result from the
individual’s decisions to accumulate or decumulate nonhuman
wealth, w,,,. I assume that changes in the rate of return to capital, r,,
are quantitatively more important than the endogenous changes in
W+ In determining the time-series properties of the observed path of
nonlabor income. With this assumption, unanticipated capital gains
are approximated as the present value of the revision in expected
nonlabor income.
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Repeating the derivation of the consumption equation as in Section
I, the unanticipated capital gains in real wealth enter the equation
symmetrically with the present value of the revision in expected labor
income:

ad s+1
€t =€y t+ T[ Z (ﬁ) (B, — Ep ) (xpes T )’It&s)]
= (36)
(1 +nuey +uy,

where x,, is future labor income and y%, is future nonlabor income.
Substituting into this equation the time-series characterization of
the revision in the predicted path of future income yields:

= 1 s+t
€ = ¢ +r[ dls]e—(l“”r)u— + Uy, 37
t t—1 ;}(1_’_7) ¢ t—1 ¢ (37)

where j; are the parameters of the moving average representation,
and ¢ the innovations, of the disposable income series, y, = x, + y¥. To
simplify the notation, let ® = X [1/(1 + r)I**'y,. Using this nota-
tion, the present value of the revision, at time ¢, in the anticipated path
of future income is denoted ®¢,; the revision in permanent income is
denoted by r®e¢,. Equation (37) can be rewritten as:

€= ¢ t 1€, — (1 + ryu,, + u,. (38)

Finally, it is necessary to consider the effect on aggregate consump-
tion of a trend in per capita income. While an individual’s permanent
income can be defined so that its movement over time is trendless, the
presence of a trend in per capita income will induce a trend in
aggregate permanent income and therefore in aggregate consump-
tion. If per capita income has a positive trend, due to increasing
productivity, for example, later generations will have greater
lifetime wealth than earlier ones. As the older generations die and are
replaced by the younger generations, aggregate consumption will
trend upward at the same rate of growth as per capita income. No
change in the expectation of future income is involved in this trend
movement of aggregate consumption, nor does any particular indi-
vidual change his level of consumption. Since the model is intended to
explain revisions in planned consumption which are caused by
changes in the expectations about future income, equation (38)
applies to the movement of consumption around a trend attributable
to the trend in per capita income.
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A basic empirical implication of the model developed in Section I is
that, even if the behavioral marginal propensity to consume out of
current income is zero, consumption should respond to innovations in
current income because these innovations provide new information
about future income and therefore induce revisions in permanent
income. Expressing the income forecast error in terms of current and
lagged income yields the following system of equations:

Ve =M1+ P11t Pyt .o T PpYep T €1 (39)
Ac, = py + RP(ye — 1 — P1Yt-1 — - -+ — PpYt-p)
+ BoAyr + BiAye—1 + BaAyiz + . . .+ Bpo1Dy—p-n) T €2, (40)

where

1 — P P2 _ _ P»r
1+7r I+r* 77 (1+ry

r is the quarterly interest rate, and k represents the annuity rate. (If
the individual’s time horizon is finite, the annuity rate will not be
equal to the interest rate, as in the infinite horizon case.)

In the unrestricted version of the model, the first difference of
consumption responds to current and lagged changes in income as
well as the innovation in the income process. In equation (40) the B;
coefficients are measures of the “excess sensitivity” of consumption to
current income, that is, sensitivity in excess of the response attribut-
able to the new information contained in current income. The em-
pirical work discussed in this section provides estimates of the f;
parameters and tests the implication of the permanent income-
rational expectations hypothesis that consumption exhibits no excess
sensitivity to current income, B; = 0.

The permanent income-rational expectations hypothesis could be
tested by estimating the system in its structural representation,
equations (39) and (40), by full information maximum likelihood
(FIML) both with and without the restriction 8; = 0 and forming a
likelihood ratio statistic.

As discussed below, the unrestricted version of the system is just
identified. Because the system is just identified, the maximum likeli-
hood estimates of the structural parameters can be recovered from
the estimated coefficients of the reduced form. Working with the
reduced form has several advantages: First, estimation of the reduced
form is computationally simpler than estimating the structural repre-
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sentation by FIML; second, analysis of the reduced form clarifies the
exact relationship between the likelihood ratio test of 8; = 0 proposed
here and the F-test proposed by Hall. It will be shown that Hall’s test is
a test based on the reduced form of the consumption equation (40).
Further, it will be shown that because the structural system (eqq. [39]
and [40]) is just identified, the test statistic from Hall’s test, based on
the reduced form of the consumption equation alone, is numerically
identical to the test statistic for the hypothesis 8; = 0 in the two-
equation structural system. For the purpose of determining the statis-
tical significance of a departure from the permanent income-rational
expectations hypothesis, both Hall’s test and the test proposed here
yield identical answers. For the purposes of assessing whether or not
an observed departure from the hypothesis is of quantitative
significance, however, the test proposed here has the advantage of
permitting the recovery of the point estimates of the structural
parameters, the B;, and their individual standard errors, whereas
Hall’s procedure estimates only reduced-form coefficients.

Identification of the Model

Before discussing the identification of the system, I will make explicit
my assumptions concerning the properties of the income-forecast
error, €, and the disturbance in the consumption equation, €.
Conceptually, one would like to estimate the 1-period-ahead fore-
cast of income, conditional on all available information, E(y,l],_l).
Since the estimated prediction equation (39) includes only a very
limited subset of the available information, the predictive value of all
the lagged values of variables observed by the individual, but not
explicitly incorporated in the regression, will be reflected in the error
term, €,. Using the notation R(L)x,_, to represent the discrepancy
between the 1-period-ahead forecast of income conditional on the
complete information set I,_, and the income forecast conditional on
the limited information set actually included in the regression, R (L )x,_,

= E(y,ll,_l) - E(y,ly,_l, .+, Y-p), the disturbance term ¢, in equation
(39) will be the sum of the “true” innovation €, and the R(L)x,_, term,
€ = € + R(L)x,_,. (41)

The term R(L)x,_, can be thought of as measurement error due to the
omission of elements of the available information set from the fore-
casting equation. The R(L)x,_, term is assumed to be serially uncorre-
lated and uncorrelated with the explanatory variables included in the
income-prediction equation. By definition, the “true” innovation ¢, is
uncorrelated with the R(L)x,_, term as well as the included ex-
planatory variables.
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Since the “true” income innovation, €;; = y; — P1Yt—1 — - - - — PpYt-p —
R(L)x,_,, is the explanatory variable in the consumption equation, the
consumption disturbance €, will contain the term —k®R(L)x,-,, where
k® is the coefficient of the true innovation.

The systematic part of the consumption equation models the re-
sponse of consumption to the new information contained in the
current observation on income. Obviously there are many sources of
new information about future income in addition to the current
observation on income itself. These omitted current variables which
induce individuals to revise their expectations about future income
will also contribute to the disturbance in the consumption equation.
Let the variable 0, represent the revision, in period ¢, in permanent
income induced by other (nonincome) new information about future
income. The “omitted news” disturbance 6, is assumed to be serially
uncorrelated and uncorrelated with lagged variables.

Because consumption is one component of current income, the
omitted news term will have a nonzero correlation with the true
innovation in income, €,,. If, in period ¢, current variables other than
income induce individuals to revise their forecasts of future income
upward, 6, will be positive. The positive realization of 6, increases
current consumption and therefore increases current income. This
implies that the omitted news term 6, is positively correlated with the
true income innovation, €.

In addition to the measurement error term, —k®PR(L)x,—,, and the
omitted news term, 6,, the consumption equation will, in principle,
also include a moving average of transitory consumption, n, — (1 +
k)n,_,. For the purpose of estimating the model, however, the tran-
sitory consumption component of the error term will be ignored.
Even though an individual’s transitory consumption in a given quar-
ter may be nonnegligible in relation to his permanent consumption,
the per capita value of transitory consumption will be small relative to
permanent per capita consumption if the individual realizations of
transitory consumption are largely independent across the popula-
tion. I think that it is reasonable to assume that the quantitative
contribution of the transitory consumption term to the overall error
€5 is small compared to the contribution of the measurement error
term, —k®R(L)x,_;, and the omitted news error term, 6.

This discussion leads to the following characterization of the struc-
tural disturbances:

€, =R(L)x;; + €, (42)
and

€yt = _k(bR(L)Xg_l + 0[. (43)
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Based on these assumptions, €, and €, are contemporaneously corre-
lated,

cov (€y, €3) = —k® var [R(L)x,_,] + cov (6, €1,), (44)

but not serially correlated.

In order to simplify the discussion, identification of the system will
be analyzed for a first-order AR income process. The generalization
to a longer AR process is straightforward.

The unrestricted system is:

Ve = M1t Py + € (45)
and
Ac, = w, + ke, + BAY, + €, (46)

where ® = 1/{1 — [p/(1 + r)]1}. The value of the parameter k, which
represents the marginal propensity to consume out of wealth, is
imposed a priori. The parameter ®, which represents the change in
wealth associated with an innovation in income, is a function of the
interest rate and the autoregressive parameters of the income process.
The value of the interest rate is imposed a priori, so the identification
of p identifies ® as well.
Since €;, =y, — py,_,, the consumption equation can be rewritten as:

Acy = py + (kD + B)ey, + Bl — 1)y + €. (47)
The covariances of the structural disturbances will be denoted as
follows: var (e,,) = o2; var (&,) = 03; and cov (ey, €) = Tyy.
The parameters of the income process, u,, p, and o2, are identified
by the income data alone:

COV (Yt Ye—1) = p var (y,), (48)
var (y) = p?® var (y,) + o3, (49)

and
= (1 — p)uy, (50)

where p, is the mean of y.
Using the fact that €, is by construction orthogonal to y,and €, is
assumed uncorrelated with Ve-1,

cov (Acy, yi—y) = B(p — 1) var y,, (51)
cov (Ace, y0) = B(p — 1) cov (y, yr—1) + (kD + B)oi+ o,  (52)

var (Ac,) = B*p — 1)? var (y,) + (k® + B)o?
+ 2(k® + B)oy, + o, (53)
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and

M2 = pac, + B(1 — Py, (54)

where s, is the mean of Ac,.

The model is just identified—equations (48) through (54) constitute
a system of seven equations in seven unknown parameters. Because
the model is just identified, indirect least squares—that is, estimating
the model as a reduced form, then transforming the reduced-form
coefficients to recover the structural parameters—is equivalent to
FIML.

Consider the following reduced form:

Ve = M1 T PYe1 + Vi (55)
Acy = py + B(P — 1)ye—1 + v, (56)

where vy, = €, and vy = (k® + B)€; + €. The covariance matrix of
the reduced form, written in terms of the structural covariances, is:

Q of (kP + B)ot + o1 7
- [(kd) +B)ot + a1 (kD + B0t + 2D + B)oyy + 03|

Note that the maximum likelihood estimates of the structural
coefficients—u,, ms, p, B—are independent of the value of k®, the
parameter which measures the predicted response of consumption to
the innovation in current income. That is, the parameters w,, u,, p,
and B are identified by equations (48), (49), (50), and (54), none of
which contains k®.

Examination of equations (53) and (54), or, equivalently, the
reduced-form covariance matrix, equation (57), indicates that a priori
restriction on the value of k® makes it possible to recover the struc-
tural covariances o, and o% from the estimated covariances of the
reduced form:

cov ¥y, Vo) = (kD + B)O'Zl + 02 (58)

and

var (vy) = (k® + B)?c} + 2(k® + B)o,, + 03. (59)

Since indirect least squares and FIML are equivalent in the just-
identified case, the likelihood ratio statistic for the test of the restric-
tion 8 = 0 computed by estimating the structural form, equations (45)
and (46), by FIML will be numerically identical to the likelihood ratio
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test statistic for 8 = 0 computed by estimating the reduced form,
equations (55) and (56), by multivariate least squares.*

Comparison of the Test of B;i = 0 with Hall’s Test

In the equation system actually estimated, income was modeled as an
eighth-order pure autoregressive process:

Ye =M1t PYe1 T PYeo ...+ PgYi_g T+ €y, (60)
Ac, = pp + kd)(yz T M1 T PYe-1 T PYi—2 — - - - — PgYi-s)

(61)
+ Boly, + BiAy_; + ...+ BrAy—7 + €.

Like the simpler system discussed above, this system is just
identified. If a less general alternative hypothesis were specified—for
example, if only the contemporaneous and three lagged first dif-
ferences in income were included in the unrestricted model—the
system would be overidentified. The particular specification of the
alternative hypothesis was deliberately chosen in order to achieve just
identification. Because the model is just identified, the maximum-
likelihood estimates of the structural parameters can be obtained by
estimating the reduced form:

Ve =M1+ PYe—1 t PYe—2 + ...+ PsYi—s + Vi (62)
and
Ac, = (me + Bomi) + Bo[(Pl - l)yz—l t Py + ...+ Psyt—e]
+ B4y, + B:Ay,p + ... + BiAyi_7 + vy,

where v, = €, and vy, = k® + By)e, + €. Using the notation ; to
denote the reduced-form coefficient of YVe—is

(63)

ACt = [.22 + T1Yt-1 + ToY¢—2 + ...+ TTgYVt—8 + Voy. (64)

Equation (63) makes very explicit the relationship between the
reduced-form coefficients ; and the underlying structural parame-
ters:

* Eq. (51) suggests a simple instrumental variables estimator of the excess sensitivity
parameter B. Noting that (p — 1) var y, = cov (Ay, yi—), eq. (51) can be rewritten as

cov (A, }’t—l) = B cov (Ayt’ Ye-1)- (51')

Thus B is identified as the ratio [cov (Acy, ye-1)1/[cov (Aye, ye-1)]. Writing the consumption
equation with the income innovation in the error term, Acy = py + BAy, + (kPey, + €5),
one could estimate 8 by using y,_, as an instrument for Ay,. Lagged income, y,_,, is
clearly a valid instrument for. Ay,, since it is correlated with Ay, but uncorrelated with the
composite error term, (kPe,, + €5). Using y,_, as an instrument for Ay,, the instrumental
variables estimate of B is [cov (Ac;, y,-1)]/[cov (Ay, y:-1)1, which is exactly the expression
for B obtained from eq. (51).
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By = o + Boty
™= Boler — 1) + B4
m = Bopz — Bi t B
m3 = Bops — B2t Ba
(65)

7 = Bopr — Bs + Br
s = BoPs — Br-

Regardless of the time-series process describing income, the restric-
tion that consumption exhibits no excess sensitivity to current income,
Bo =B = ...= B; =0, implies that the reduced-form coetficients ;
are all equal to zero.

The reduced form expresses the conditional expectation of the
endogenous variable, A¢,, given the predetermined variables, which
in this case are the lagged values of income. Thus, the empirical
content of the restriction that 8y = 8; = . .. = B; = 0 is that the
conditional expectation of A¢, given lagged values of income is zero.
This implication of the permanent income-rational expectations hy-
pothesis is precisely the hypothesis tested by Hall. Quoting from
Hall’s paper (Hall 1978, p. 976), “The tests of the stochastic implica-
tions of the life cycle-permanent income hypothesis carried out in
this paper all have the form of estimating a conditional expectation,
E(c, l Ct—1,%—1), wherex,_, is a vector of data known in period ¢ — 1, and
then testing the hypothesis that the conditional expectation is actually
not a function of x,_,.”

The analytical approach taken by this paper was to formulate a
general structural model in which consumption responded to both
innovations in permanent income and changes in current income.
The restrictions imposed by the permanent income-rational expecta-
tions hypothesis on the structural parameters, 8; = 0, were shown to
imply the restriction that the reduced-form parameters 7; were equal
to zero. Hall's approach to formulating a test of the hypothesis
avoided the econometric specification of a structural consumption
equation. Eschewing structural estimation altogether, Hall analyzed
the restrictions imposed by the permanent income-rational expecta-
tions hypothesis on. the conditional expectation of Ac, given lagged
variables. Thus Hall arrived at the restrictions imposed on the
reduced-form consumption equation by an analytical shortcut; rather
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than derive the reduced-form restrictions from an explicit structural
econometric model, he exploited the interpretation of a reduced form
as stating a conditional expectation and considered the implications of
the permanent income-rational expectations hypothesis for the con-
ditional expectation of consumption.

Although both Hall's analysis and the structural model developed
in this paper lead to the same restrictions on the reduced form of the
consumption equation, the test procedure used here differs from
Hall’s in that the restriction is tested by computing the likelihood ratio
statistic for the two-equation reduced form (eqq. [62] and [63]), while
Hall’s test statistic is computed by estimating the consumption equa-
tion (eq. [64]) alone. As proved in Appendix II, however, the two tests
yield numerically identical values of the likelihood ratio statistic for
the hypothesis that the conditional expectation of consuimption given
lagged income is zero.?

The basic advantage of the structurally derived test over Hall’s test
is that it permits the recovery of the point estimates of the structural
parameters measuring the excess sensitivity of consumption to cur-
rent income, the B;, and their individual standard errors. With Hall’s
test it is difficult to interpret the quantitative importance of a depar-
ture from the predicted behavior of consumption since only the
reduced-form coefficients are estimated.

Data

The test of the restriction B; = 0 is a test of the joint hypothesis that (a)
consumers exploit the time-series properties of income in forming
their estimates of permanent income and (b) the adjustment of con-
sumption to a revision in permanent income is fully achieved within
the quarter that the new information becomes available. In order to
limit the consumption concept to a component which can be adjusted
rapidly and smoothly to changes in permanent income, the consump-
tion concept used as the dependent variable was expenditures on
nondurable goods. Even if one went to the trouble of converting the
National Income and Product Accounts (NIPA) data on expenditures
on durable goods into a series of imputed service flows, the existence
of substantial transaction costs of adjusting stocks of durable goods
suggests that the consumption of services of durable goods would
exhibit lagged adjustment to changes in permanent income. The

> 1 am indebted to Hall for suggesting that I estimate the model by indirect least
squares instead of FIML. The observation that the test based on the two-equation
reduced form and the test based on the reduced form of the consumption equation
alone will yield numerically identical values of the likelihood ratio statistic is also due to
Hall.
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NIPA data on consumption of services are subject to a similar objec-
tion, since services are defined to include the imputed service flow
from housing. Nondurable goods represent about 45 percent of total
personal consumption expenditures.

Both the consumption series and the income series, which was
disposable personal income, were seasonally adjusted and expressed
in real per capita terms. After allowing for the construction of the
lagged variables, the sample period used in the estimation was
1949:111-1979:1.

The income process was modeled as an eighth-order autoregressive
process around an exponential trend. In order to simplify the estima-
tion, the income data series was first detrended by its estimated
exponential trend for the sample period 1947:1-1979:1 of .00565259
per quarter, and the model was estimated with the detrended series.
As mentioned above, the presence of a trend in per capita income will
give rise to a trend in per capita consumption. Because the consump-
tion variable is expenditures on nondurable goods rather than total
consumption, the trend in nondurable goods consumption will not be
equal to the trend in income unless the income elasticity of nondura-
bles consumption is unity. For this reason, the consumption series was
detrended by its own estimated trend, which was .0032616 per quar-
ter. Both the income and consumption series were expressed in units
of (constant) dollars per capita.

Empirical Results

The reduced form was written out in terms of the structural param-
eters and estimated by multivariate least squares. The unconstrained
system estimated was:

Ve = M1t P1Ye—1 T PYe—2 + ... F PgYe-s T Vi (66)
and
Acy = iz + Bol(py — D)ye—1 + poY—2 + .- F PeYi-s] T B1Aye—1 67)
+ BoAyi—g + ...+ BrAY—7 T V.

The point estimates and their standard errors are reported in table
2A.

Imposing the restriction 8, = 8, = ... = B; = 0, the constrained
system consisting of the income equation (66) and the consumption
equation

Acy = g + vy (68)

was also estimated by multivariate least squares. The point estimates
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TABLE 2

A. PoINT EsTIMATES AND STANDARD ERRORS FOR EQUATIONS (66) AND (67)

B P P2 P3 P Ps Pe p1 s
92.54 964  .069 .074 —.360 112 157  —.008  —.053
(64.26)  (.092) (.126) (.125) (.122)  (.123) (.124)  (.122)  (.085)
e Bo B B Bs Bs Bs Bs Br

32.71 355  .071  .049 -.116 114 —.073 050  —.012

(24.95) (.275)  (.036) (.038) (.050) (.071) (.046) (.036) (.035)

B. PoINT ESTIMATES AND STANDARD ERRORS FOR EQUATION (68)

M P P2 P3 P4 Ps Ps p7 Ps Mo

55.62 .898 .067 231 -—.476 .280 —.045 .065 —.045 .068
(57.72) (.082) (.113) (.112) (.110) (.111) (.111) (.110) (.076) (.862)

C. REDUCED-FOrRM COEFFICIENTS AND STANDARD ERRORS FOR EQuATION (69)

Mo m w2 3 Ty s T w7 s

32.71 .058 .002 -.138 103 —.148 179 —-.065 -.007
(25.95) (.037) (.051) (.050) (.049)  (.050) (.050)  (.049) (.034)

and standard errors, based on the constrained estimation, are re-
ported in table 2B.

Using the notation L, and L, to denote the log likelihood of the
constrained and unconstrained systems, respectively, the likelihood
ratio statisticA = —2(L, — L,) for the hypothesis 3, =8,=...=8;,=0
is distributed x%(8). The value of the likelihood ratio test statistic, A,
was 27.024. Since the critical value of the x3(8) distribution is 21.96
for the 0.5 percent significance level, a test statistic of 27.0 represents
a very decisive rejection of the hypothesis.

For comparison, Hall’s version of the test using the reduced form of
the consumption equation alone,

Ac, = Ho t+ T Ye—1 + Ty + ... + TgYg + Viy, (69)

was also estimated. The reduced-form coefficients and their standard
errors are reported in table 2C.¢ The likelihood ratio statistic for the
hypothesis that 8, = 8; = ... = B; = 0, it is necessary to compute the
computer work confirms the assertion that the testof B = 8, = ... =

¢ The estimated constant term in the constrained version of eq. (69) was .068, with a
standard error of .866.
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TABLE 3

STANDARD ERRORS OF REGRESSION AND DURBIN-WATSON STATISTICS

SysTEM ESTIMATED

Two-Equation Reduced Form Single-Equation Reduced Form
Unrestricted Restricted Unrestricted Restricted
y Ac y Ac Ac Ac
SER ...... $22.50  $8.73  $23.04  $9.45 $8.73 $9.45
D-W ...... 2.00 2.15 1.90 2.13 2.15 2.13
Notk.—y and Ac = dependent variables.

B: = 0 in the context of the two-equation reduced form (eqq. [66]
and [67]) and the test of 7, = 7, = . . . = w3 = 0 in the context of
the reduced-form consumption equation alone, equation (69), yield
numerically identical values of the likelihood ratio statistic.

The standard errors of regression (SER) and Durbin-Watson statis-
tics are reported in table 3. The SER of each equation was computed
by dividing the sum of squared residuals by the degrees of freedom
rather than the number of observations. The standard errors have the
interpretation of the dollars per capita prediction error of each equa-
tion. For comparison, the standard deviations of y and Ac were
$71.57 and $9.45, respectively.

The discussion of the identification of the system showed that the
maximume-likelihood estimates of the B; parameters were inde-
pendent of the value of k®, the parameter which measures the pre-
dicted response of consumption to an innovation in current income.
While the identification of the parameter kP is not required to test the
hypothesis that 8, = B8, = ... = B; = 0, it is necessary to compute the
value of k@ in order to recover the parameters of the covariance
matrix of structural disturbances.

By substituting the estimated parameters of the income process into
equation (34), one can compute the value of ®, which gives the
capitalized value of the revision in expected future income or the
change in wealth associated with an innovation in current income. For
the estimated parameters of the income process, and an annual inter-
est rate of 5 percent, an innovation in current income implies a
change in wealth of 17.80 times the income innovation.” Assuming an

7 In order to simplify the estimation, the income process was modeled as an 8-quarter
pure AR process. Formal tests of more general mixed ARMA models of the income
process identified the (3, 0, 4) specification (three AR parameters and four MA
parameters) ane the (1, 0, 4) specification as the most parsimonious mixed ARMA
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average horizon of 20 years/the annuity rate:-"'is 0.0198 pper quarter.®
The change in permaneént income associated “with-an innovation in
current income is (0.0198)(17.80), or 0.35 times the income innova-
tion. Since the consumption variable used to estimate the system was
nondurables consumption rather than total consumption, the
parameter k® will be the product of the marginal propensity to
consume nondurables out of permanent income and the change in
permanent income induced by an innovation in current income. With
nondurable consumption accounting for 47.5 percent of total con-
sumption, kP = (0.475)(0.0198)(17.80) = 0.1675.

The estimated covariance matrix of the disturbances of the unre-
stricted reduced form is:

Q= [467.808 79.8921}
79.8921  70.5175]°

Having identified the value of k® as 0.1675 and the value of 8, as
.355, the covariance matrix of the structural disturbances can be
recovered using equation (57). The estimated covariance matrix of
the structural disturbances is:

s | 467.808 —164.538J
—164.538 114.745]°

Note that the covariance between the structural disturbances of the
two equations, cov (e, €,), is negative and very large relative to the
variance of the disturbance in the consumption equation, €,. In
the discussion of the properties of the structural disturbances, it was
pointed out that the omission of elements of the available information
set from the income-forecasting equation implies that the income
residual is subject to measurement error and that the presence of
measurement error gives rise to a negative covariance between the
structural disturbances. The large negative estimate of cov (€1, €)
suggests that the measurement error introduced by using the
income-forecast error as a measure of the “true” income innovation
cannot be dismissed as negligible. The finding that the measurement
error is quantitatively important indicates that attempts to estimate k®

representations of the income process. The value of ® implied by the (3, 0, 4) model
was 16.41; by the (1, 0, 4) model, 15.45. Since the ARMA models identified through
formal time-series analysis of the income series yield values of ® very similar to the
value of @ computed from the 8-quarter AR process, there is no indication that the
assumed pure AR process is inadequate in capturing the time-series properties of
income.

® The quarterly annuity rate was calculated with the following formula: annuity rate
=7r/(1 — e '"). The quarterly interest rate, r, was assumed to be 0.0125; the horizon of
the representative individual, T', was assumed to be 80 quarters.
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directly by doing regressions of the change in consumption on the
income residuals will be subject to severe downward bias.

The discrepancy between the predicted and observed behavior of
consumption is quantitatively large as well as statistically significant.
Since the dependent variable is consumption of nondurable goods
rather than total consumption, the g; coefficients represent the excess
sensitivity of nondurables consumption alone. Considering that non-
durable goods consumption represents 45 percent of total consump-
tion expenditures, the point estimates of B, 8, and B, of .355, .071,
and .049, respectively, indicate a strong “excess” response of con-
sumption to current income. Unfortunately, the estimate of the
parameter B, is imprecise, as indicated by its fairly large standard
error of .275.

Because of the large sampling error of the estimate of the crucial
parameter S, these tests stop short of providing conclusive evidence
that the permanent income-rational expectations hypothesis fails ina
quantitatively significant way. Still, the large point estimate f3y, to-
gether with the statistical rejection at the 0.5 percent level of the zero
restrictions on the B; coefficients, constitute significant, if not conclu-
sive, evidence against the hypothesis.

In Hall's paper, tests of the predictive value of lagged income did
not reveal strong evidence against the permanent-income hypothesis.?
Hall concluded, “The results of this paper have the strong implication
that beyond the next few quarters consumption should be treated as
an exogenous variable. . . . With respect to the analysis of stabilization
policy, the findings of this paper [support] the view that policy affects
consumption only as much as it affects permanent income” (p. 986).

Why is it that the tests reported here reveal substantial evidence
against the permanent-income hypothesis, whereas Hall’s did not? As
shown above, the test based on the two-equation reduced form is not
intrinsically more powerful than Halls test. The structurally derived
reduced-form test provides stronger results for two reasons, one
obvious and the other more subtle. First, by permitting the recovery
of the structural parameter estimates measuring the excess sensitivity
of consumption to current income, the B;, the structurally derived
reduced-form test makes it possible to assess the quantitative
significance of a departure from the null hypothesis.

Of the regressions reported by Hall, the regression of current
consumption (of nondurable goods and services) on lagged con-
sumption and four lagged values of income is closest to the reduced

9 Hall was able to statistically reject the permanent-income hypothesis based on tests
of the predictive value of a stock price index.
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form estimated in this paper. On page 983 Hall reports the following
coefficient estimates and standard errors.

Ct = —-23 + 1~O766t—1 + .049_)’1_1 - '051yt—2 - 023}11_3 - '024yt—4'
(11) (.047)  (.043)  (.052)  (051) (o037) (79

Testing the hypothesis that the coefficients of all four lagged values of
income were zero, Hall got an F-statistic of 2.0, which was high
enough to reject the hypothesis at the 10 percent level, although not
the 5 percent level. Noting that the first lagged value of income had a
small positive coefficient and that the sum of the coetficients was small
and negative, Hall concluded, “There is a statistically marginal and
numerically small relation between consumption and very recent
levels of disposable income” (p. 984).

The statement that the relationship between consumption and dis-
posable income is “numerically small” refers to the magnitude of the
reduced-form coefficients, the 7;, not the structural parameters ;.
Hall is explicit on the point that his regressions did not provide
estimates of structural parameters: “No claim is made that the true
structural relation between consumption and its determinants is re-
vealed by this approach” (p. 977).

The obvious advantage of the structurally derived reduced-form
test is that it permits the estimation of the structural parameters. In
equation system (54), the reduced-form coefficients are written out in
terms of the underlying structural parameters. Equation system (68)
indicates that even if consumption responds strongly to current and
lagged changes in income, that is, the 8; are large and positive, the
reduced-form parameters will be small. Consider in particular the
reduced-form coefficient of y,_;:

7 = Bolpr — 1) + Bi. (71)

When nondurables consumption alone is used to form the dependent
variable, the estimate of B, is .355 and the estimate of B, is .071.
However, since the first autoregressive parameter in the income pro-
cess, p,, is estimated to be .964, the value of 7, is only .058. When the
consumption concept is defined as nondurable goods and services, 8,
and B, are estimated to be .461 and .128, respectively. The resulting
reduced-form coefficient 7, in this case is .112. In addition to the
4-quarter distributed lag, Hall reported the results for a test using a
12-quarter Almon lag. In both cases the sum of the reduced-form
parameters was small and negative. Using equation system (65), note

that . .
m= (e 1), (72)
i=1 i=1
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The sum of the autoregressive parameters of the income process is
about .95 for quarterly data. Therefore, even if B, has a healthy
positive value, the sum of the reduced-form parameters will be small
and negative.

While the test based on the reduced form of the consumption
equation alone gives the same test statistic as the test based on the
two-equation reduced form, it does not by itself provide any informa-
tion about the quantitative importance of a departure from the null
hypothesis. Observing that the reduced-form coefficients are small
does not imply that the structural coefficients are small. To the con-
trary, large positive values of the B; coefficients are associated with
reduced-form parameters which are small and which sum to a nega-
tive value.

The second, more subtle advantage of the structural approach is as
follows: Because it requires the explicit specification of a structural
model, the structural approach provides some guidance concerning
the specification of the reduced form.

While Hall’s approach of analyzing the restrictions on the condi-
tional expectation of consumption led to the correct conclusion that
the reduced-form coefficients of lagged variables should be zero, it
did not suggest any criteria for selecting a particular collection of
variables to be included in the reduced form. By studying the
structural specification, one learns that, under the alternative hypoth-
esis (8, > 0), any lagged value of income which has a nonzero
coefficient in the income autoregression will in general have a non-
zero coefficient in the consumption reduced form.

Further, if one believes that the income process is best modeled as
an AR process around an exponential trend, then the consumption
reduced form should be fit to the detrended income series rather than
the raw income series. Alternatively, one could leave the income series
in its original (not detrended) form and include an exponential trend
term, e”!, in the consumption reduced form. In Hall’s original tests,
the income series was not detrended and the reduced form did not
include a trend term. If the income process does include a trend,
Hall’s tests are misspecified under the alternative hypothesis. One
would expect that the failure to allow for the trend in income, which
causes the reduced form to be misspecified under the alternative
hypothesis, would reduce the power of the test. As an empirical
matter, the treatment of the income trend does have a noticeable
effect on the value of the likelihood-ratio statistic.® In all of the tests
reported above, the income series have been detrended.

' In a comment on Hall's paper, Startz (1979) pointed out that the inclusion of an
exponential trend in the regression tended to increase the value of the test statistic.
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Having shown that the test based on the bivariate reduced form and
Hall's test based on the single-equation reduced form yield numer-
ically identical values of the likelihood ratio statistic for comparable
specifications, it is necessary to determine why the rational
expectations—permanent income hypothesis is rejected at the 0.5 per-
cent level in the tests reported here, while the hypothesis could not be
rejected at the 5 percent level in Hall’s original tests. In particular, one
would like to know whether the difference in the test statistic is
attributable to differences in the data sets, or to differences in the
specification of the alternative hypothesis, in terms of the number of
lagged values of income included and the treatment of the trend in
income.

Hall used a broader concept of consumption—expenditures on
nondurable goods and services—than the consumption concept,
nondurable goods, used in this paper. Data on real per capita con-
sumption of nondurables and services were constructed to provide a
direct comparison to Hall’s original results. While the data set used to
rerun Hall’s regressions was constructed according to his basic defini-
tions of the variables, it is not an exact reproduction of his data set.
The data set used here differs from Hall’s because it incorporates
subsequent NIPA revisions of the most recent observations and be-
cause a different price deflator was used to deflate the income series.
In the regression of current consumption on lagged consumption and
four lagged values of income, Hall obtained an F-statistic for the
exclusion of the lagged values of income of 2.0, which is somewhat
below the critical value of 2.45 for the 5 percent level. For the same
sample period and specification, the test statistic was 2.75 using the
reconstructed data set. Thus, minor differences in the construction of
the data raise the significance level of the test statistic from somewhat
below to somewhat above the 5 percent level. Consideration of the
structural model indicates that the reduced form should include as
many lagged values of income as the income autoregression and that
some allowance for a trend in income should be made, either by
detrending the income series or by including a trend term in the
consumption reduced form. Using the original (not detrended) in-
come series but increasing the number of lagged values of income
included in the consumption reduced form from four to eight in-
creased the value of the likelihood-ratio statistic from 10.95 to 22.616.
This raises the significance level of the test from the 5 percent level to
the 0.5 percent level. Detrending the income series also has a substan-
tial effect on the test statistic. For the specification with four lagged
values of income, the test statistic was 16.492 for the detrended
income series (which is significant at the 0.5 percent level) as opposed
to 10.95 for the raw income series. For the specification with eight
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lagged values of income, detrending the income series raises the test
statistic from 22.616 to 27.108. Thus, the insight concerning the
appropriate specification of the reduced form which is obtained by
explicitly formulating the underlying structural model was responsi-
ble for raising the significance level of the test from a marginal
rejection to a decisive rejection.

IV. Conclusions

This paper develops a simple structural econometric model of con-
sumption. In the general specification of the model, consumption
responds to the changes in permanent income signaled by innovations
in the current income process and to changes in current income itself.
The response of consumption to current income beyond that at-
tributable to the role of current income in signaling changes in per-
manent income is termed the “excess sensitivity” of consumption to
current income. The econometric model is then used to estimate the
excess sensitivity of consumption to current income and to test the
implication of the permanent-income hypothesis that the excess sen-
sitivity of consumption is zero.

The tests reveal substantial evidence against the permanent-income
hypothesis. Using either nondurables consumption or consumption
of nondurables and services as the dependent variable, the hypothesis
that consumption exhibits no excess sensitivity to current income can
be rejected at the 0.5 percent level. Using expenditures on nondura-
ble goods as the consumption variable, the point estimate of the excess
sensitivity of consumption to the contemporaneous change in income
is .355. Keeping in mind that nondurable goods represent only a
fraction of total personal consumption expenditures—about 45
percent—a point estimate of .355 represents a large departure from
the permanent-income hypothesis.

The paper also shows that the test of the permanent income-
rational expectations hypothesis proposed by Hall (1978) can be
thought of as a test based on the reduced form of the structural model
developed here. Rather than develop a structural econometric model
and derive the associated restrictions on the reduced-form parame-
ters, Hall’'s approach was to analyze the implications of the permanent
income-rational expectations hypothesis for the conditional expecta-
tion of consumption given lagged variables. Since a reduced form has
the interpretation of expressing a conditional expectation, Hall’s
analysis led directly to testable restrictions on the parameters of a
reduced-form consumption equation. When the structural model is
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just identified, both tests yield numerically identical values of the test
statistic. While the structural approach does not provide a statistically
more powerful test, in general, than the reduced-form approach, it
does have the advantage of providing estimates of the structural
parameters of the model, including estimates of the “excess sensitiv-
ity” of consumption to current income.

Appendix I

For the general model

Ye=PY—1 t PYi2t oot PpYp T €T D€t ot .t P, (Al

SZ dj‘: => . (A2)

=0

where the y; are the infinite series of moving average parameters in the
pure moving average representation of the model: y, = ¢ + Y€, + Y€,

+ .. .. Solving for y; in terms of the estimated p; and ¢;,
Yo = o =1 (A3)
dyt _ ayz + By, dyt—j fori= 1, (A4)
de €, = 0y; dery
b= it D pie (A5)
i=1

where p; = 0 forj > p, ¢; = 0 fori > g,

i‘l’l Z¢I+ZZPM j (A6)

i=1 i=1 j=1

adding ¢, = d)o, (A7)

ZW:Z@+Z P (A8)
iw=i@+2m2wﬂ (A9)
¢ imgw (A10)
@—i@ﬁmfi@ (A1D)

j=1 i=0 i=0
. }
i} é 1+ >,
D= — = > (A12)
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Appendix II

Proof that the likelihood ratio statistic for the test of vy = 0 in the equatipn
Ay = + vy + v, (A13)

is numerically identical to the likelihood ratio statistic for the test of 8 = 0 in
the bivariate reduced form:

(Tx2 (Tx2) (2 x2) (T X 2)
e Acd =11 yeulfmn pe + (v val. (A14)
[P Bp — 1)]

The GLS transformation of equation (A14) is obtained by postmultiplying by
the lower triangular matrix P such that PP’ = (7', where £} is the covariance
matrix of the reduced form:

It will be convenient to normalize P such that the lower-right-hand element is
equal to one. Define
P {1? n 0}

P, 1
where P, = (P,,/P,,) and P,; = (P,,/P,,). Transforming (A14) by P yields:
Piiye + Piabey = (Ppy + Priopia) + 3y i[Prp + PBlp — D1+ 9y (A1)
and
Acy = pa +y-1B(p — 1) + vy (A16)

where 9, = P, w,; + Povsr.

Let L! denote the log likelihood of the transformed income equation (A15),
L? denote the log likelihood of the consumption equation (A16), and L!?
denote the log likelihood of the bivariate system. Since cov (¥4, v5,) = 0, the
value of the log likelihood function of the bivariate system is the sum of the
values of the log likelihood of the two individual equations: L'? = L' + L2
Imposing the constraint that 8 = 0 reduces the value of L?, L2 < L%. Imposing
the restriction that 8 = 0 does not restrict the log likelihood function of the
transformed income equation, since u, and p are unrestricted parameters, L!
= L. Therefore, all of the decrease in the likelihood function of the bivariate
system is attributable to the decrease in the likelihood function of the con-
sumption equation alone: L)% — L}? = L2 — L2
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